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UNG DUNG BAO HAM BE KHAO SAT
Chuong VA VE B0 THI CUA HAM S0

PO THI CUA HAM s
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UNG DUNG BAO HAM BE KHADO SAT VA VE

Trong chuong nay, chung ta ung dung dao
ham va gi6i han dé xét mot s tinh chat quan
trong clia ham s6 va dé thi nhu : tinh don diéu,
cuc tri, gia tri 16n nhat, gia tri nhd nhat cla ham
s6 va cac dudng tiém can cla do thi ; tir d6
khao sat su bién thién va vé d6 thi clia ham sé.
Hoc sinh can c¢é ki nang thanh thao khi xét cac
tinh chat da néu cla mét ham sé cho trude
cling nhu khao séat su bién thién va vé doé thi
clia mét s6 ham sé don gian.




§ :I TINH PON PIEU CUA HAM SO

Trong bai nay ta s& ting dung dao ham dé xét tinh don diéu (tic 1a tinh dong
bién va tinh nghich bién) clia ham so.

Tru6c hét ta nhic lai dinh nghia ham s6 dong bién va ham s6 nghich bién
trong sach gido khoa Pai s6 10 nang cao.

Gia st K 1a mot khoang, mot doan hoac mot nira khoang va f 1a ham s6 xac
dinh trén K.

Ham s6 f dugc goi la dong bién trén K néu
Vi, X €Koxp <xy = f(x) < f(x)

Ham s6 f dugc goi 1a nghich bién trén K néu
Vi, x €K, x; <x, = f(x))> f(x).

No6i mot cach khac, néu ham s6 f xac dinh trén K thi

Ham s6 f dong bién trén K khi va chi khi véi x tuy ¥ thudc K, ta c6
Jf(x + Ax) - f(x)

Ax
Ham s6 f nghich bién trén K khi va chi khi véi x tuy ¥ thudc K, ta c6

Jfx + Ax) - f(x)
Ax

>0 v6imoi Ax # 0 ma x + Ax € K.

<0v6imoi Ax #0 ma x + Ax € K.
Tu d6, ngudi ta chiing minh duoc diéu sau day :

Gia stham s6 f c6 dao ham trén khoang /.

a) Néu ham s6 f dong bién trén khoang 7 thi f'(x) > 0 v6i moi
xel
b) Néu ham s6 f nghich bién trén khoang I thi f'(x) <0 véi

moi x € [.

Dao lai, c6 thé chitng minh duoc :



DINH Li

Gia st ham s6 f c6 dao ham trén khoang /.

a) Néu f'(x) >0 v6i moi x € I thi ham s6 f dong bién trén
khoang /.
b) Néu f'(x) <0 v6imoi x € I thi ham s6 f nghich bién trén
khoang 1.
c) Néu f'(x) =0 v6i moi x € I thi ham sd f khong ddi trén
khoang /.

Dinh 1i trén cho ta mot diéu kién dii dé ham so don diéu trén mot khoang.

CHUY

Khoang I trong dinh 1i trén c6 thé dugc thay bsi mot doan hoic
mot nlra khoang. Khi d6 phai bé sung gia thi€t "Ham so lién tuc
trén doan hoic nira khoang dé". Chang han :

Néu ham s6 f lién tuc trén doan [a ; b] va c6 dao ham f'(x) > O trén
khoang (a ; b) thi ham s6 f dong bién trén doan [a ; b].
Nguoi ta thuong dién dat khang dinh ndy qua bang bién thién nhu sau :

X a b

f'x) +

f(D)
f(x) f(a) /

Vi du 1. Chiing minh rang ham s6 f(x) = V1 — x? nghich bién trén doan [0 ; 1].
Giai
—X

Dé thdy ham s6 da cho lién tuc trén doan [0 ; 1]. Ngoai ra, f'(x) = — <0
1-x

v6i moi x € (0; 1). Do d6 ham s6 nghich bién trén doan [0 ; 1]. O
e Viéc tim cic khoang dong bién va nghich bién cia mot ham s6 con duogc noi
gon 1a xét chiéu bién thién cuia ham so do.

Qua dinh 1i da néu, ta thay viéc xét chiéu bién thién cia mot ham s6 cé dao
ham c6 thé chuyén vé viéc xét dau dao ham ctia né.



Vi du 2. Xét chiéu bién thién cua ham s6
_x+ 2
Y= X
Gidi
Ham s6 da cho xac dinh trén tap hgp R\ {0}.

4 2 4
Tacéy'=1——2=x2 :
X X

yV=0&x==12.

Chiéu bién thién ctia ham s6 duoc néu trong bang sau :

X —0 -2 0 2 +00

y /_4\\4/

Vay ham s6 dong bién trén moi khoang (—o ; —2) va (2 ; +), nghich bién
trén moi khoang (-2 ;0) va (0;2).

[H1| Xét chiéu bién thién ciia ham s6

Y73

—%xz +2x—3.

Vi du 3. Xét chiéu bién thién cia ham s6

_4

3x3—2x2+x—3.

y
Giai
Ham s6 da cho xac dinh trén R.

Taco y' =4x> —4x+1 = (2x —1)*.

1

' 2,° ~ Y ) . 1
y =OV01X=§Vay >Ovmmolx¢§-



2.

Bang bién thién :

1
X —0o0 5 +00
y + 0 +

17
T Te

Theo chi y sau dinh 1i, ham s6 da cho dong bién trén méi ntta khoang

1 1 R o
(—oo ; 5} va {5 ; + ooj. Tu d6 suy ra ham s6 dong bién trén R.
Nhdn xét. Qua vi du 3, ta thiy c6 thé m& rong dinh Ii da néu nhu sau :

Gia str ham s6 f c6 dao ham trén khoang /. Néu f'(x) > 0 v6i moi x € I (hoac
f'(x) <0 v6imoi x € I) va f'(x) =0 chi tai mot s6 hitu han diém cta / thi
ham s6 f dong bién (hoac nghich bién) trén 1.

[H2| Xet chiéu bién thién cta ham s6
55,54, 103 7
y=2x" +5x" + 3 X 3
Cau hoi va bai tap
Xét chiéu bién thién cua cdc ham s6 sau :
a)y=2x3+3x2+1; b)y=x3—2x2+x+1;
3 2
Oy=x+—; dy=x-—;
)y < )y <
e)y=x*t-2x*-5; f)y=v4 - x2.
Ching minh rang

N ~ X — 2 N s N A X 9 £ . o P
a) Homso y = ) dong bién trén moi khoang xac dinh cua né ;
X

—x? —2x+3

b) Ham s6 y = Tl

nghich bién trén moi khoang x4c dinh ctia né.



Ching minh rang cdc ham so6 sau day dong bién trén R :
a)f(x):x3—6x2+17x+4; b)f(x):x3+x—cosx—4.
Vi gid tri nao cia @ ham s6 y = ax — X nghich bién trén R ?

Tim céc gi4 tri cia tham s6 @ dé ham s6

f(x)=%x3 +ax® +4x +3

dong bién trén R.

Luyén tap
Xét chiéu bién thién cua cadc ham so sau :
a)y=%x3—2x2+4x—5; b)y=—%x3+6x2—9x—§;
c)y:%; d)y=\/2x—x2;
&) y= ot ~2x+3; f)y=x11—2x

Ching minh rang ham s6
f(x) =cos2x —2x+3
nghich bién trén R.
Chiing minh cdc bat dang thiic sau :
a) sinx < x véimoi x>0,
sinx > x véimoix<0 ;

Hudng ddan. Ching minh ham s6 f(x) = x — sinx dong bién trén nira khoang
T
0:5)
2

X . )
b) cosx >1—7 véimoi x#0 ;



3

) X . .
c) sinx > X—F véi moi x > 0,

3

. X .
smx<x—€ véi moi x < 0.

9. Chiing minh ring
sinx + tanx > 2x v6imoi x € (O : gj

Hudng dan

Chimg minh ham s6 f(x) = sinx + tanx —2x dong bién trén nlra khoang

T
0;—=1|.
10. S6 dan cia mot thi trdn sau ¢ nam ké tr nam 1970 duoc wdc tinh boi

cong thuc

26t + 10
t+5

f(o) =
(f(t) dugc tinh bang nghin nguoi).
a) Tinh s6 dan cua thi trdn vao nam 1980 va nam 1995.
b) Xem f1a mot ham s6 xdc dinh trén nira khoang [0 ; 4+o0). Tim f' va xét
chiéu bién thién ctia ham s6 f trén nira khoang [0 ; + o).

¢) Pao ham ctia ham so f biéu thi t6c do tang dan so cua thi tran (tinh bing
nghin ngudi/ nam).

e Tinh toc do tang dan s6 vao nam 1990 va nam 2008 cua thi tran.

e Vao nam nao thi toc do tang dan so6 1a 0,125 nghin nguoi / nam ?



S

2 CUC TRI CUA HAM SO

Bai nay gi6i thiéu khdi niém cuc dai, cuc tiéu clia ham s6 va xét quan hé
gifta cuc dai, cuc tiéu véi dau clia dao ham cap mot va dao ham cép hai cta
ham s0.

1. Khai niém cuc tri cia ham so

10

PINH NGHIA
Gia st ham s6 f xdc dinh trén tap hop D (P < R) va x, € 9.
a) x, dugc goi 12 mot diém cyc dai clia ham s6 f néu ton tai mot
khoang (a ; b) chita diém x, sao cho (a;b) = 9 va
F(x) < f(xy) v6imoi x e (a3 b) \{x,).
Khi d6 f(x,) duoc goi la gia tri cuc dai cia ham so f.
b) x, dugc goi 1a mot diém cuc tiéu clia ham s6 f néu ton tai
mot khoang (a ; b) chita di€ém x,, sao cho (a; b) < 9 va
f(x) > f(xy) véimoi x € (a; b) \{xy}.
Khi d6 f(x,) dugc goi la gia tri cuc tiéu ctia ham s6 f.

Diém cuc dai va diém cuc tiéu duoc goi chung 13 diém cuc tri.
Gi4 tri cuc dai va gid tri cuc tiéu dugc goi chung 12 cuc tri.

Néu x, 12 mot diém cuc tri clia ham s6 f thi ngudi ta néi rang ham s6 f dat

cuc tri tai diém x,. YA
y =/

]

1
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! 1

| 1

I I 1

1 1 |

| | 1

| 1 1

L 2o ’
diém ¢ diém b | /

cuc tiéu cuc dai |

|
1
|
|
|
1
1
1
a X

Hinh 1.1



CHU Y

1) Gi4 tri cuc dai (cuc tiéu) f (xp) cua ham s6 f néi chung khong
phai 1a gia tri 16n nhéit (nho nhat) ciia ham s6 f trén tap hop 9 ;
f(xy) chi la gia tri 16n nhat (nhé nhét) cua ham s6 f trén mot
khoang (a ; b) nao d6 chita diém x,.

2) Ham s06 f ¢6 thé dat cuc dai hoidc cuc tiéu tai nhiéu diém trén tap

hop 9. Trén d6 thi ctia ham s6 y = f(x) trong hinh 1.1, ta thay

ham s6 ¢6 hai diém cuc tiéu va hai diém cuc dai. Ham s6 ciing c6
thé khong c6 cuc tri trén mot tap hop s6 thuc cho trude.

3) Doi khi ngudi ta cling néi dén diém cuc tri ctia do thi.
Néu x, 1a mot diém cuc tri cha ham s6 f thi di€ém (x; f(x,)) duogc
goi 1a diém cuc tri ctia do thi ham so f.
2. Diéu kién can dé ham s6 dat cuc tri
Quan sat do thi cia ham s6 y = f(x) (h.1.1), ta thdy néu ham s6 f dat cuc tri
tai diém x; va néu do thi cha ham s6 ¢6 ti€p tuyén tai diém (x, ; f(xy)) thi
ti€p tuyén do song song v6i truc hoanh, tic la f'(x,) = 0.

D6 1a ndi dung ctia dinh 1i ma ta thira nhan sau day.

DINH Li 1

Gia sit ham s6 f dat cyc tri tai diém x,. Khi d6, néu f c6 dao

ham tai x; thi f'(xy) = 0.

Diéu nguoc lai c6 thé khong ding. Dao ham f' ¢6 thé bang 0 tai diém x,

nhung ham s6 f khong dat cuc tri tai diém x,,.

Chéng han, xét ham s6 f(x) = x°, tacé f'(x) = 3x> va f'(0) = 0. Tuy nhién,
ham so f khong dat cuc tri tai diém x = 0. That vay, vi f'(x) > 0 v6i moi x # 0

nén ham s6 f dong bién trén R (h.1.2).

11
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0 X y = Ixl
(0] X
Hinh 1.2 Hinh 1.3

CHUY
Ham s6 c6 thé dat cuc tri tai mot diém ma tai d6 ham s6 khong c6
dao ham. Chang han, ham s6 y = f(x) = |x| xac dinh trén R. Vi

f(0) =0va f(x)>0 véi moi x # 0 nén ham s¢ dat cuc tiéu tai
diém x = 0.

Dé thiy ham s6 y = |x| khong c6 dao ham tai diém x = 0 (h.1.3).

Nhu vay, mot ham s6 chi c6 thé dat cuc tri tai mot diém ma tai d6
dao ham ctia ham s6 bang 0, hoac tai d6 ham s6 khong c6 dao ham.

3. DiéuKkién du dé ham sé dat cuc tri

Dinh Ii sau cho ta mot diéu kién di dé ham s6 dat cuc tri.

DINH Li 2

Gia sir ham s0 f lién tuc trén khoang (a ; b) chita diém x, va
c6 dao ham trén cdc khoang (a ; xy) va (x, ; b). Khi do

a) Néu f'(x) <0 v6i moi x € (a;xy) va f'(x) >0 véi moi
x € (xp ; b) thi ham s6 f dat cuc ti€u tai diém x,.

b) Néu f'(x) >0 véimoi x € (a; xy) va f'(x) <0 véi moi

x € (xp ; b) thi ham s6 f dat cuc dai tai di€ém x,.

12



N6i mot cach khéc,
a) Néu f'(x) déi dau tir am sang duong khi x qua diém x, (theo chiéu tang)
thi ham s6 dat cuc tiéu tai diém x;.
b) Néu f'(x) doi dau tir duong sang am khi x qua di€ém x, (theo chiéu tang)
thi ham s6 dat cuc dai tai diém x,,.
Chitng minh
a) Vi ham so f lién tuc trén nua khoang (a; xy] va f'(x) <0 v6i moi
x € (a; xp) nén ham s6 f nghich bién trén (a ; x, ]. Do d6

f(x) > f(xy) véimoi x € (a; xy).
Tuong tu, vi ham so flién tuc trén nira khoang [x, ; b) va f'(x) > 0 v6i moi
x € (xp ; b) nén ham s6 dong bién trén [x, ; b). Do d6

f(x) > f(xy) véimoi x € (xy ; b).
Vay f(x) > f(xy) v6i moi x € (a;b) \ {x,}, tiic 1a ham s6 f dat cuc ti€u tai
diém x,.
b) Phan b) dugc chiing minh tuong tu. O
Dinh 1i 2 dugc viét gon lai trong hai bang bién thién sau :

X a X0 b

') - +

f(x) \ f(xo) /

(cuc tiéu)

X a X b

f'(x) + -
f(x())

F(x) /’(CUC daiN

Tu dinh 1i 2 ta c6 quy tac tim cuc tri sau day.

13
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QUY TAC 1

1. Tim f'(x).

2. Tim céc di€ém x; (i = 1, 2,...) tai d6 dao ham cua ham s6 bang 0
hoac ham s6 lién tuc nhung khong c6 dao ham.

3. Xét dau f'(x). Néu f'(x) d6i dau khi x qua diém x; thi ham s6

dat cyc tri tai x;.

Vi du 1. Tim cuyc tri cia ham so

—l 3_ 2_ i
f(x)—3x X 3x+3
Giai

Ham s6 da cho xac dinh trén R.

Ta cé f‘(x)=x2—2x—3.
Tu do f'(x) =0< x =-1 hoac x = 3.
Sau day la bang bién thién :
X —00 -1 3 +00
() + 0 - 0 +
3
2
3

Vay ham s6 dat cuc dai tai diém x = —1, gid tri cuc dai cha ham s6 1a

f(=1) = 3. Ham s6 dat cuc tiéu tai diém x = 3, gia tri cuc tiéu clia ham so6 1a

2
@ =-15

El Tim cuc trj cla ham s6
4
f(x) = x+—-3.
x

Vi du 2. Ap dung quy tic 1 tim cuc tri clia ham s6

f(x) = Ixl.



Gidi

Ham s6 da cho xac dinh va lién tuc trén R.

Ta o6 ) —Xx v6i x <0
aco X) =
x voi x = 0.
3 -1v6ix <0
Do d6 o= .
1véi x> 0.

(Ham s6 f khong c6 dao ham tai diém x = 0).
Sau day l1a bang bién thién :

X —o0 0 +00

')

f(x) \ . /

Vay ham s6 dat cuc tiéu tai x = 0 va gid tri cuc tiéu ctia ham s6 12 £(0) = 0. O

|

C6 thé sir dung dao ham cép hai dé tim cuc tri cia ham s6. Nguoi ta da chiing
minh dinh Ii sau day.

DINH LI 3

Gia st ham s0 f c6 dao ham cap moét trén khoang (a ; b)
chita diém x,, f'(xy) =0 vaf c6 dao ham cép hai khdc O tai
diém Xo.

a) Néu f"(x,) < 0 thi ham s6 f dat cuc dai tai diém x,,.

b) Néu f"(x,) > 0 thi ham s6 f dat cuc tiéu tai di€ém x,,.

Tur dinh 1i 3, ta ¢6 mot quy tic khac dé tim cuc tri cia ham s6 (néu ham s6 ¢
dao ham cap hai).

15



QUY TAC 2

1. Tim f'(x).

2. Tim céc nghiém x; (i =1, 2,...) cia phuong trinh f'(x) =0
3.Tim f"(x) vatinh f"(x;).

Néu f"(x;) < 0 thi ham s6 dat cuc dai tai di€ém x;.

Néu f"(x;) > 0 thi ham s6 dat cuc ti€u tai diém x;.

Vi du 3. Ap dung quy tic 2 tim cuc tri ciia ham s6

f(x) = —x - X —3x+i-

3

Gidi
Ham s6 da cho xac dinh trén R.
Taco f'(x) = x> =2x -3 ;

f'(x) =0& x =-1hoac x =3 ;

f'(x) =2x-2.
Vi f"(~1) = —4 < 0 nén ham s6 dat cuc dai tai diém x = -1, f(-1) = 3.
Vi f"(3) = 4 >0 nén ham s6 dat cuc tiéu tai diém x = 3, f(3) = —7%-
Ta nhan duoc cac két qua da biét trong vi du 1.
@ Tim cuc trj cla ham s6

f(x)=2sin2x—3.
Cau hoi va hai tap
11. Tim cuyc tri cua cdc ham s6 sau :

a)f(x)— x + 247 +3x-1; b) f(x) = x—x +2x—10

&) f(x) = x+§; ) F) = ld(x +2) ;

16



12.

13.

14.

15.

5 3 2
X X x°=3x+3
e) f(x) =——-——+2; f) f(x) = ——F
5 3 -1
Tim cuc tri ciia cdc ham s0 sau :
a)y:x\/4—x2; b)y:\/8—x2;
c)y=x—sin2x +2; d)y=3—-2cosx — cos2x.

Tim cac hé s6 a, b, ¢, d clia ham s6
_ 3 2
f(x) =ax’ +bx" +cx +d

sao cho ham s6 f dat cuc tiéu tai diém x = 0, £(0) = 0 va dat cuc dai tai di€ém
x=1,f)=1.
Xac dinh cac hé s0 a, b, ¢ sao cho ham s6

f(x) = +ax® +bx+c
dat cuc tri bang 0 tai diém x = — 2 va dé thi cia ham s6 di qua diém A(1 ; 0).
Ching minh rang v6i moi gid tri cia m, ham s6

xz—m(m+l)x+m3+l

X —m

y:

luon c6 cuc dai va cuc tiéu.

GIA TRI LON NHAT
VA GIA TRI NHO NHAT CUA HAM SO

Nhiéu bai todn dan dén viéc tim gid tri 16n nhat va gid tri nho nhét cia ham s6
trén mot tap hop so thuc cho trude. Trong bai nay ta s€ tng dung tinh don
diéu va cuc tri clia ham s6 dé tim gid tri 16n nhat va gid tri nhd nhat cla
ham s0.

17
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DINH NGHIA

Gia str ham s6 f xéc dinh trén tap hop 9 (9 < R).

a) Néu ton tai mot diém x, € 9 sao cho
f(x) < f(xp) v6imoi x € P
thi s6 M = f(x,) duoc goi la gia tri 16n nhat ciia ham s6 f trén

9, ki hieu 1a M = max f(x).

xe9P
b) Néu t6n tai mot diém x, € 9 sao cho
F(x) = f(xg) véimoix € 9

thi s6 m = f(x,) dugc goi la gia tri nhé nhat clia ham s6 f trén

9, ki hieu la m = min f(x).
xe9v

Nhu vay, muén chiing to rang s6 M (hodc m) 1a gid tri 16n nhat (hodc gia tri

nho nhat) ctia ham s6 f trén tap hop 9 can chi 16 :

a) f(x) < M (hodc f(x)=m) v6imoi x € 9.

b) Ton tai it nhit mot diém x, € 9 sao cho f(x,) = M (hoac f(xy) = m).

Ta quy u6c rang khi néi gid tri 16n nhat hay nho nhat cua ham s6 f (ma khong

n6i "trén tap 9") thi ta hiéu d6 12 gid tri I16n nhat hay nho nhat clia f trén tap
xac dinh ctia né.

Vi du 1. Tim gi4 tri 16n nhat va gia tri nho nhat cia ham s6
) =4 - 2.
Giai
Tap xé4c dinh cta ham s6 1a [-2 ;2] Hién nhién 0< f(x) <2 v6i moi
xel[-2:52];
f)=0c x=£2va f(x) =2 < x=0.



Do do

min 4—x2=0; max /4 — x% =2. O
xe[-2;2] xe[-2;2]

Phuong phap thudng duoc st dung dé tim gid tri 16n nhat va gid tri nho nhat
ciia ham s6 trén mot tap hop la 1ap bang bién thién ctia ham s6 trén tap
hop do6.

Vi du 2. Tim gia tri 16n nhat va gia tri nho nhat cuia ham s6
f(x) = x* = 3x +3 trén doan [—3 ; %}

Giai. Ta co
£l =307 =1 ;

fi(x)=0c x==1.

Sau day la bang bién thién ctia f trén doan [—3 ; %} :

X -3 -1 1

o] W

f'(x) + 0 - 0 +

: 15
f / g / 3
-15 1

Ti bang bién thién, ta duogc

max f(x)=f(-1)=5; min  f(x) = f(-3) =-15.
3
Xe —3;5 X e —3;5

[H] 7im gia tri I6n nhat va gié tri nhd nhét cia ham s&

fx)=x+

! trén khoang (1 ; + ).
x -1

19



Vi du 3. Mot hop khong nap duoc
lam tr mot manh cac tong theo mau
hinh 1.4. Hop c6 diy la mot hinh ,h_,

vuong canh x (cm), chiéu cao la & (cm)
va c6 thé tich 1a 500 cm’.
a) Hay biéu dién 4 theo x.
b) Tim dién tich S(x) ctia manh cac tong X

theo x. h
h

¢) Tim gia tri cia x sao cho S(x)
nho nhat.

a) Thé tich ctia hop 1a

V = x*h = 500 (cm’). Do d6 h =5—020, x> 0.
X

b) Dién tich cia manh cac tong dung lam hop la
S(x) = x* + 4hx.
Tu a) tacod
Sx) = +? _,_M’ x> 0.
X
c¢) Ta tim x>0 sao cho tai d6 S(x) dat gia tri nhd nhat trén khoang
(0; + ). Tacod

2000  2(x* —1000)

2
X2 X2

S'(x) =0 x=10.

S'(x) =2x -

Bang bién thién cua S trén khoang (0 ; +0) :

X 0 10 +00

S'(x) — 0 +

S(x) \300/




Dua vao bang bién thién ta thdy trén khoang (0 ; + o), ham s6 S dat gia tri
nho nhat tai diém x = 10. Vay mudn t6n it nguyén liéu nhat, ta 1ay do dai canh
ddy hinh hop 1a x = 10 (cm). O
Nhdn xét

Nguoi ta da ching minh dugc ring ham s6 lién tuc trén mot doan thi dat duoc
gid tri 16n nhat va nhé nhét trén doan do.

Trong nhiéu trudng hop, c6 thé tim gia tri 16n nhat va gia tri nho nhat ctia ham
sO trén mot doan ma khong can 1ap bang bién thién ctia no.

Gia st ham s6 f lién tuc trén doan [a ; b] va c6 dao ham trén khoang (a ; b),
c6 thé trir mot s6 hitu han diém. Néu f'(x) = 0 chi tai mot s6 hitu han diém
thuoc (a ; b) thi ta c6 quy tic tim gia tri I6n nhat va nho nhét clia ham f trén
doan [a ; b] nhu sau :

QUY TAC

1. Tim cac diém X|s Xy, ey X, thudc (a ; b) tai d6 ham so f c6 dao
ham béng 0 hoac khong c6 dao ham.

2.Tinh f(3), f(y), s £()s f(@) VA f(D).

3. So sénh cic gid tri tim duoc.

S6 16n nhat trong cac gia tri d6 1a gid tri 16n nhat cua f trén doan
[a ; b], s6 nho nhat trong cac gid tri d6 1a gia tri nho nhat cua f trén
doan [a ; b].

Vi du 4. Tim gia tri 16n nhat va gia tri nho nhét cua ham s6 f(x) = X =3x+3
trén doan [0 ; 2].

Giai. Taco f'(x) = 32 -3,

' _ 2 _
{f(x)—()@{&c —3=0©{x—i1 oot

O<x<?2 0<x<?2 O<x<?2

f=1; f0)=3; f(2) =5.

Do dé max_f(x) =5 va min_f(x) =1.
xe[O;Z] xe[0;2]
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Cau hai va bai tap

16. Tim gia tri I16n nhat va gia tri nho nhat ctia ham s6

f(x) = sin* x + cos* x.

17. Tim gia tri 16n nhat va gia tri nho nhat cua cac ham s6 sau :

a) f(x) = x> + 2x — 5 trén doan [-2; 3] ;

3

b) f(x) = % +2x% + 3x — 4 trén doan [4; 0] ;

c) f(x) =x +% trén khoang (0 ; + o) ;

d) f(x) = —x* + 2x + 4 trén doan [2; 4] ;

242 + 5x + 4

Q) f(¥) = >3

trén doan [0 ; 1] ;

1 9 9
f) f(x) = x — — trén nua khoang (0 ; 2].
X
18. Tim gia tri I6n nhat va gia tri nho nhat cla cac ham s6 sau :

a)y= 2sin’ x + 2sinx — 1 ; b)y200522x—sinxcosx+4.

19. Cho mot tam gidc déu ABC canh a. Nguoi ta dung mot hinh chit nhat MNPQ
c6 canh MN nam trén canh BC, hai dinh P va Q theo thi tu ndm trén hai canh
AC va AB cua tam gidc. Xdc dinh vi trf clia diém M sao cho hinh chif nhat c6
dién tich 16n nhat va tim gia tri 16n nhat do.

20. Khi nuoi cd thi nghiém trong hé, mot nha sinh vat hoc thay riang : Néu trén
moi don vi dién tich ctia mat h6 ¢ n con cé thi trung binh mdi con cd sau mot
vu can nang

P(n) = 480 — 20n (gam).

Hoi phai tha bao nhiéu cd trén mot don vi dién tich ciia mat hé dé sau mot vu
thu hoach dugc nhiéu cé nhat ?
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21.

22,

23.

24.

25.

26.

Luyen tap

Tim cuc tri cia cdc ham s0 sau :

X X3

a) f(x) = 5—; b) f(x) =

x“+1 x+1

) f(x) =+5-x%; d) f(x) = x+yx> - 1.

Tim gi4 tri cha m d€ ham s6

b

2
X"+ mx -1
fx) = -1
c6 cuc dai va cuc tiéu.
Do giam huyét ap cia mot bénh nhan duogc cho boi cong thic
G(x) = 0,025x*(30 — ),

trong d6 x 1a liéu lugng thudc duge tiém cho bénh nhan (x dugc tinh bing
miligam). Tinh liéu lugng thudc cin tiém cho bénh nhan dé huyét 4p gidm
nhiéu nhét va tinh do giam do.
Cho parabol (P) : y = x> va diém A(=3;0). Xéc dinh diém M thuoc parabol
(9P) sao cho khoang cdch AM 1a ngan nhat va tim khoang cdch ngin nhat do.
Mot con cé héi boi nguoc dong dé vuot mot khoang cdch 1a 300km. Van toc
dong nudc 1a 6km/h. Néu van toc boi cua cd khi nude ding yén 1a v (km/h) thi
nang lugng tiéu hao cua ca trong ¢ gio dugc cho bdi cong thiic

EWw) = cv3t,

trong dé ¢ 1a mot hang s6, E dugc tinh bang jun. Tim van toc¢ boi cta cd khi
nuée ding yén dé nang luong tiéu hao 12 it nhat.

Sau khi phét hién mot bénh dich, cdc chuyén gia y t€ udc tinh s6 nguoi nhiém
bénh ké tir ngdy xuét hién bénh nhan dau tién dén ngay thi ¢ 1a

f() =45% -1, 1=0,1,2,..,25.
Né€u coi f 1a ham s6 xac dinh trén doan [0 ; 25] thi f'(¢) dugc xem la téc do

truyén bénh (ngudi / ngay) tai thoi diém .
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a) Tinh to¢ do truyén bénh vao ngay thi 5.
b) Xéc dinh ngay ma tdc do truyén bénh 1a 16n nhat va tinh toc do do.
¢) Xdc dinh cdc ngay ma toc do truyén bénh 16n hon 600.
d) Xét chiéu bién thién ctia ham s6 f trén doan [0 ; 25].
27. Tim gia tri 16n nhat va gia tri nho nhat cua cac ham sg sau :

a) f(x) = m trén doan [—3; 1] .
B) F0) = x + V42

c) f(x) = sin4x+coszx+2;

d) f(x) = x —sin2x trén doan {—g;n}.

28. Trong cac hinh chit nhat ¢6 chu vi la 40 cm, hdy xdc dinh hinh chit nhat c6
dién tich 16n nhat.

PO THI CUA HAM SO
N 4 VA PHEP TINH TIEN HE TOA PO

Ta nhic lai dinh nghia d6 thi cia ham s6 trong sach gido khoa Dai s6 10
nang cao.

D6 thi cia ham s6 y = f(x) xé4c dinh trén tap 9 1a tap hop tat ca cdc diém
(x; f(x)), x € 9 chia mat phang toa do.

Ngudi ta con goi do thi cua ham s6 y = f(x) 1a duong cong c6 phuong trinh 1a
y = f(x) (goi tat 12 dudng cong y = f(x)).

Trong nhiéu trudng hop viéc thay hé toa do di c6 bdi mot hé toa do méi gitip

ta nghién cttu duong cong thuan tién hon. Bai nay gigi thiéu phép tinh ti€n hé
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toa do, nho do6 c6 thé xéac dinh dugc truc doi xdng va tAm d6i xiing ciia mot s6
duong cong.

1. Phép tinh tién hé toa d¢ va cong thitc chuyén hé toa do
Gia st 1 12 mot diém clia mat phang
va (xo ;) 1a toa do cua diém / ) v
d6i v6i he toa do Oxy. Goi IXY 1a
hé toa do mdi c6 goc 1a diém I va
hai truc X, 1Y theo tht tu c6 cung
cdc vecto don vi i, j v6i hai truc

Ox, Oy (h.1.5). 2 !

Sl-——y——-—————

=Y

Gia st M 1a mot diém bat ki cla 0 X0
mat phang. Goi (x ; y) 1a toa do cla

diém M d6i véi hé toa do Oxy va

(X; Y) 1a toa do cua diém M doi véi Hinh 1.5
hé toa do IXY. Khi d6

OM = Ol + IM

hay
Xi+y] = (gl +yo))+ (Xi+Y]))
= (X + xo)?+ Y + yo)f'.
Do d6
x=X+x
{y =Y +y,.

Ciéc hé thitc trén goi 1a cong thitc chuyén hé toa do trong phép tinh tién theo
vecto OI.

2. Phuong trinh cua duong cong déi v6i hé toa do méi
Gia str (Y9) 1a d6 thi cia ham s6 y = f(x) d6i v6i hé toa d0 Oxy da cho. Khi
d6 phuong trinh cua dudng cong (%) d6i véi hé toa do Oxy 1a y = f(x). Ta sé
viét phuong trinh ctia (%) d6i véi hé toa do méi IXY.
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26

Gia st M 1a mot diém bat ki clia mat phang, (x ; y) va (X; Y) 1a toa do cla
diém M, theo thit tu, d6i v6i he toa do Oxy va IXY. Khi do,

Me (9 < y=f(x).
Ap dung cong thitc chuyén hé toa do trong phép tinh tién theo vecto ol , taco
Me@eY+yy=fX+x) oY =FX+x)-Y
Vay phuong trinh ctia duong cong (%) doi v6i hé toa do IXY 1a
Vi du. Cho duodng cong (¢) c6 phuong trinh 1a
y = %(x 27 —1
vadiém /7 (2; -1).

a) Viét cong thitc chuyén hé toa do trong phép tinh tién theo vecto Ol va viét
phuong trinh ctia dudng cong (€¢) d6i véi hé toa do IXY.

b) Tlr d6 suy ra rang / 1a tam doi xing cta dudng cong (€).
Gidi. a) Cong thitc chuyén hé toa do trong phép tinh tién theo vecto ol 1a

x=X+2
y=Y—-1.

Phuong trinh ctia dudng cong (‘¢) d6i v6i hé toa do IXY 1a

13 13
Y-1==-X>-1lhayY = =X°.
2 yr=s5

b) Vi Y = %X 3 1a mot ham s6 1é nén do thi (¢) clia né nhan goc toa do [

lam tam d6i xung. O

lE a) Tim toa d6 dinh | ctia parabol ( P) co phuong trinh la
y= 2x% —4x.

b) Viét cong thuc chuyén hé toa do trong phép tinh tién theo vects OI va viét
phuong trinh cia parabol (&) déi véi hé toa do IXY.



Cau hoi va hai tap
29. Xé4c dinh dinh I cia mdi parabol (%) sau day. Viét cong thitc chuyén hé toa do

trong phép tinh tién theo vecto Ol va viét phuong trinh ctia parabol (P) doi
v6i hé toa do IXY.

a)y=2x2—3x+1; b)y=%x2—x—3;
c)y:x—4x2; d)y:2x2—5.

30. Choham s6 f(x)= x> —3x% +1.
a) Xéc dinh diém I thuoc dé thi (¢) ctia ham s6 da cho biét ring hoanh do cua
diém I 12 nghiém ctia phuong trinh £ "(x)=0.
b) Viét cong thiic chuyén hé toa do trong phép tinh tién theo vecto Ol va viét
phuong trinh ctia dudng cong (¢) ddi v6i hé toa do IXY. Tir d6 suy ra rang I 1a
tam doi xting ctia duong cong (€).
¢) Viét phuong trinh tié€p tuyén ctia dudng cong (¢) tai diém I doi vé6i hé toa
do Oxy. Ching minh rang trén khoang (—oo;1) duong cong (¢) nam phia
du6i ti€p tuyén tai I cia (€) va trén khoang (1;+ ) dudng cong (¢) nam
phia trén ti€p tuyén do.
Huodng ddn. Trén khoang (—o0;1), dudng cong (¢) nam phia dudi ti€p tuyén

y=ax+b néu f(x) <ax+b vé6imoi x < 1.

va diém I(-2 ; 2). Viét

31. Cho duong cong (¢) c6 phuong trinh 1a y = 2 — e l >

cong thitc chuyén hé toa do trong phép tinh tién theo vecto Ol va viét phuong
trinh ctia dudng cong (€) doi v6i hé toa do IXY. T d6 suy ra [ 1a tam doi

xting cta (€).
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32. Xac dinh tam d6i xiing cua do6 thi méi ham s6 sau day.

33.

28

_3x-12

2
= +1' b .
a)y P ; )y 1

-1

Hudng dan. b) Viét cong thic da cho dudi dang y = 3 — 1
X

Cho dudong cong (€) c6 phuong trinh y=ax+b +

, trong do
_— &
a#0,c#0 vadiémI c6 toa do (x,;y,) thod man y, = ax, + b. Viét cong

thiic chuyén hé toa do trong phép tinh tién theo vecto Ol va phuong trinh cua
(¢) doi v6i he toa do IXY. Tu do suy ra rang [ 1a tam d6i xing cua dudng
cong (¢).

PUGNG TIEM CAN CUA PO THI HAM SO

Duong tiém can dimg va duong tiém can ngang

Ta da biét do thi cia ham s6 f(x) = % 14 dudng hypebol gébm hai nhdnh nam

trong géc phan tu thit nhat va thit ba cia mat phang toa do (h.1.6).

Ta co
1 VA
lim f(x)= lim —=0

X —> 40 x—>+oo X
va lim f(x)= lim l:O.

X —> —© x—> -0 X
Piéu d6 c6 nghia 1a khoing cich 0 H x
MH=|f(x)| tit diém M cla d thi
dén truc hoanh dan dén 0 khi diém NV K
M theo dudng hypebol di xa ra vo
tan vé phia phai hoac phia trai.

Hinh 1.6



P . N N N A 9 N . N ~ 1
Nguoi ta goi truc hoanh la dudng tiém can ngang ctua do thi ham s6 y = —.
X

Ta cling co
. .1 < .1
lim f(x)= lim —=+o0 va Ilim f(x)= lim —=-oo
x—0" x—>0" X x>0 x>0 X

Diéu d6 c6 nghia 1 khoang cich NK = |x| tir mot diém N cta d6 thi dén truc
tung dan dén O khi diém N theo d6 thi di xa ra vo tan vé phia trén hodc phia

dudi. Nguoi ta goi truc tung la duong tiém can ding cua do thi ham s6 y = —.
X

Mot cdch téng quat, ta co

DINH NGHIA 1
Duong thing y = y, dugc goi 1a duong tiém can ngang (goi tat
la tiém can ngang) ctia d6 thi ham s6 y = f(x) néu

lim f(x)=y, hoac lim f(x)=y,.
X—>—

X —> +o© ©

(Xem hinh 1.7).

YA v 4

S

&Y

F Y=Y

/ \y x 0 x

Duiong thang y =y, la tiém cdn ngang cia Duong thang y =y, la tiém cdn ngang
do thi (khi x — +©). cia do thi (khi x — —o0).
a) b)
Hinh 1.7
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PINH NGHIA 2
DPudng thang x = x, dugc goi l1a dudng tiém can ding (goi tat
la tiém can ding) cta do thi ham s6 y = f(x) néu it nhat mot

trong céc diéu kién sau dugc thoa man :
lim f(x)= 4w ;

lim f(x)= 4w ;
x> g
lim f(x)= -

X = Xy
lim f(x)= - ;
X=Xy X=Xy
(Xem hinh 1.8).
y y
2
< -
4 =) \
A g = =
/-\/ - ! <
=
(0] X0 X 0 X0 \:
a) b)
¥ Y
0] Xo X 0O Xo }
y=fx) =
=

d)
b) va d). Buong thang x = x, la tiém

cdn diing ciia do thi (khi x — x; ).

c)
a) va c). Buong thing x = x, la tiém cdn

ding ciia do thi (khi x — x; ).
Hinh 1.8
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2x —1
x+2

Vi du 1. Tim tiém can ngang va tiém can diing ctia d6 thi ham s6 y =
Gidi
Ham s6 da cho c6 tap xac dinh 1a R\ {-2}.

Vi lim y=2va lim y=2

X —> +o0 X —> —©0

'\<‘

nén duong thang y =2 1a tiém
can ngang cua do6 thi (khi
X —> 4o vakhi x — —o0).

Tiém can ding

Vi lim y=-o va 2 Tiém can ngang

x—(=2)* y=2 /—

lim y=+o0 nén dudng thing 2| of X
X (=2)

x = —2 la tiém can ding cua do ,
thi (khi x = (-2)" va khi =
x = (=2)7) (h.1.9). Hinh 1.9

Vi du 2. Tim tiém can ngang va tiém can ding cua d6 thi ham so6

¥+ 1

YT
Gidi

Ham s6 da cho c6 tap xac dinh Ia y
R\ {0}.

1
‘ . ¥ 1+ — 1
Taco lim y= lim ——— y=1
X—>+00 X—>+00 X

. 1 y=_1
= lim J1+— =1. i)
2
X—>+00 X

Do d6, dudng thang y=1 Ia

tiém can ngang cua do thi (khi
X — +00),

Hinh 1.10
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2.

32

_ 2
N gim i+ =

Tuwong tw, lim y = lim 5

X——0 X——00 X X——0 X
Do d6, dudng thing y = —1 1a tiém can ngang clia do thi (khi x — —o0).

Vi lim y =+ vd lim y = —0 nén dudng thing x = 0 1a tiém can ding
x—0" x—0"

ctia do thi (khi x — 0" vakhi x — 07) (h.1.10).

5 - 3x2

EI Tim tiém céan ngang va tiém can dimg cta do thi ham s6 y = 5

1-x
Duong tiém can xién
Cho (%) 12 d6 thi ciaham s6 y = f(x) va (d) 1a duong thing
y=ax+b (a#0).
Goi M va N 1a hai diém ctia (¢) va (d) c6 cing hoanh do x (h.1.11). Néu do
dai ctia doan thang MN dan dén 0 khi x din dén +oo (hodc khi x dan dén —oo)
thi duong théng (d) duoc goi 1a dudng tiém céan xién cua (€).

Vi MN = |f(x) - (ax + b)| nén ta c6 dinh nghia sau :

DINH NGHIA 3

DPuong thing y = ax + b, a # 0, dugc goi 12 duong tiém can

xién (goi tat 1a tiém can xién) cta d6 thi ham s6 y = f(x) néu

lim [f(x)— (ax + b)] =0,

X —> +©0

hoac lim [f(x)—(ax + b)]=0.

X — —o0

(Xem hinh 1.11).



0
//0“}Q
y=fx) © 3
N (3]
TN
X 0 X
Duong thing y = ax + b la tiém cdn Puong thing y = ax + b la tiém cdn
xién cuia do thi (khi x — +0). xién cuia do thi (khi x — —0).
a) b)
Hinh 1.11
Vi du 3. D6 thi ham s6 y
X
J(x)=x+
-1 gji___
P ‘A N . . 2
c6 tiém can xién (khi
X = +oo va khi x »> —0) la
duong thang y = x vi 3
T
. -1
lim [f(x)— x] = ! 0
X—>+00 :
| -3
= lim =0 ~ 113
X—>+00 x2 -1
va lim [f(x)—x]=0 | W
X—>—00 = =
(h.1.12). Hinh 1.12

[H2| Ching minh rang dudng théng y = 2x +1 a tiém can xién clia d6 thi ham s6

1
=2x+1+ .
Y * x =2
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34

CHUY
Dé x4c dinh cdc hé s6 a, b trong phuong trinh clia dudng tiém can
xién, ta c6 thé 4p dung cic cong thiic sau :

a= lim & ; b= lim [f(x)— ax]
x—>+oo X X —> 4o
hoic a = lim @ ; b= lim [f(x)- ax]

(Khi @ = 0 thi ta c6 tiém can ngang).

That vay, xét truong hgp x — 400, gia sit ham s6 f xac dinh trén khoang
(¢ ;+00) va duong thang y = ax + b 12 tiém can xién clia do thi ham s6
y = f(x) (khi x - +00). Khi d6, theo dinh nghia 3, ta c6

lim [f(x)— (ax + b)]=0. (1)
X — +00
Do d6 lim 1D =@*b
X — +o© X
tac la lim [&—a—é}=0.
X — + X X
Vi lim — =0 nén
x—400 X
a= lim _f(x). (2)
X — 4o X
Tur (1) suy ra
b= lim [f(x)— ax] 3)
X —> 40

Ddo lai, néu a va b thoa man (2) va (3) thi tr (3) suy ra (1). Do d6 duong
thang y = ax + b 1a tiém can xién clia d6 thi hAm s6 y = f(x) néu a # 0 va
la tiém can ngang néu a = 0.

Truong hop x — —oo dugc chiing minh tuong tu.

Vi du 4. Tim tiém can xién cta d6 thi ham s6

x3

fx) =

x° =1



Gidi. Taco

fo _ o x>

a= lim Iim 2—:1;
x—>+0o X x—>+°0x(x _])

X — 4© x—=>+o | x* -1 X = +o© xz—l

3
b= lim [f(x)—-x]= lim [zx —x]: lim —X— =0,

Theo chii y vira néu, dudng thang y = x 1 tiém can xién clia do thi hAm so
da cho (khi x — +©).

Ta cling c6 a = lim f(x)—l b= lim [f(x)—x]=

x—>—n X X—>—00
Do d6, duong thang y = x ciing 1a tiém can xién clia do thi (khi x — —o0).

Ta thay lai két qua da nhan dugc trong vi du 3.

El Tim tiém cén xién cla dé thi ham sé

232 —3x -1
f(X)—T~
Cau hadi va bai tap
34. Tim cac dudng tiém can cua d6 thi m6i ham s6 sau :
x—=2 —2x -2
b) y=_—2"_*<.
VY=37 Y=
1 X2 -3x+4
y=x+2-T73 Dy="—7FT
ox+2 X
X% =1 x7 +1

35. Tim cac dudng tiém can cua d6 thi moéi ham s6 sau :

_ 3
)y = 21+x—3; b) :);—Jrz;
X X —2x
3 2
x’+x+1 x“+x+1
) y=— ; d)y=——
x° -1 —Sx 2x + 3
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36. Tim cdc dudng tiém can cua d6 thi m6i ham s6 sau :

a)y=\/x2—1; b)y=2x+\/x2—1;
c)y=x+\/x2+1; d)y=\/x2+x+1.

Luyén tap

37. Tim cdc dudng tiém can cua d6 thi m6i ham s6 sau :

a)y:x—i-\/xz—l; b)y:\/x2—4x+3;
2
C)y:dx2+4; d)y:Lx-i-1

x2—1

38. a) Tim tiém can diing va tiém can xién cta do6 thi (¢) ctia ham s6

X2 —2x +2

Y= x—3

b) Xdc dinh giao diém I clia hai tiém cén trén va viét cong thic chuyén hé toa
do trong phép tinh tién theo vecto Ol.
¢) Viét phuong trinh ctia dudng cong (¢) d6i véi he toa do IXY.

Tur d6 suy ra rang I 1a tam doi xiing cia dudng cong (€).

39. Cung cic cau hoi nhu trong bai tap 38 d6i v6i do thi cia cac ham sd sau :
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KHAO SAT SU BIEN THIEN VA VE
S PO THI CUA MOT SG HAM PA THUC

1. Cac budc khao sat su bién thién va vé do thi cia ham s6
Trong hai bai §6 va §7 ta sé sit dung nhiing diéu da trinh bay trong cac bai
truGc dé khéo sat su bién thién va vé d6 thi cia ham s6. Ta s& chi dé cap dén
mot s6 ham s6 don gian. Khi khao sit va vé do thi cia ham so, ta tién hanh
cac budc sau day :
1°. Tim tap xac dinh clia ham so.
2°, Xét su bién thién cta ham so
a) Tim giGi han tai vo cuc va giéi han vo cuc (né€u cd) cua ham so.
Tim cdc duong tiém céan cta do thi (néu cf).
b) Lap bang bién thién ciia ham sd, bao gom :
Tim dao ham ctia ham s0, xét ddu dao ham, xét chiéu bién thién va tim cuc tri
ctia ham s6 (néu c6), dién céc két qua vao bang.
3°. V& d6 thi ctia ham s6
e V@ céc duong tiém cén cua do thi (néu co).
e X4c dinh mot s6 diém dac biét clia do thi, ching han tim giao diém ctia do
thi v6i cac truc toa do. (Trong trudng hop d6 thi khong cit cdc truc toa do hoac
viéc tim toa do giao diém phuc tap thi bd qua phan nay).

e Nhan xét vé d6 thi : Chi ra truc va tam d6i xiing cta do6 thi (néu c6, khong
yéu cau ching minh).

Sibx+ex+d (a#0)

2. Himso y = ax
Vi du 1. Khéo sét su bién thién va vé d6 thi (¢) clia ham s6
y 2%(x3 ~3x? —-9x-95).
Gidi
1°. Ham s0 ¢6 tap xac dinh 1a R.
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2°. Su bién thién ctia ham s6
a) GiGi han cua ham s tai vo cuc
lim y=-c0 va lim y = +oo.
X —> —®0 X —> +0
b) Bang bién thién
) S PP
Ta cé y :§(3x -6x-9);

y'=0©x2—2x—3:0<:>x:—1 hoac x = 3.

X —00 -1 +00
y + 0 - 0 +
0
Yy / \ / +00
—0 —4

Ham s6 dong bién trén moi khoang (—oo;—1) va (3 ;+o0), nghich bién trén
khoang (-1 ; 3).

Ham s6 dat cuc dai tai diém x=-1 ; gia tri cuc dai ciia ham s6 1a y(=1) = 0.
Ham s6 dat cuc ti€u tai diém x =3 ; gid tri cuc tiéu clia ham s6 1a
y(3) = 4.

3°. Do thi (h.1.13)

Giao diém ctia d6 thi véi truc tung 1a A

diém (O;— %j Ta co

y=0 S @+ (x=-5=0
< x = -1 hoac x =5.

Vay d6 thi va truc hoanh cé hai
diém chung 1a (-1 ; 0) va (5 ; 0).
Ngoai ra do6 thi con di qua mot diém
dac biét goi 1a diém uon clia n6 ma
ta s& dé cap sau day.

Hinh 1.13



Diém uon cua do thi
Goi U 1a diém thuoc do thi (¢) trong vi du 1 c6 hoanh do 1a nghiém cua

phuong trinh y" =0. Tacd y" = %(6}( -6);y"'=0& x=1.

Toa do ctia di€ém U 1a (1 ; -2).

C6 thé chiing minh dugc riang trén khoang (—o0 ;1) dudng cong (¢) nam phia
dudi tiép tuyén ctia (€) tai U, con trén khoang (1; +o0) dudng cong (¢) nam
phia trén tiép tuyén dé. Nguoi ta néi ring ti€p tuyén tai diém U xuyén qua
dudng cong. Piém U duogc goi la diém uén cta dudng cong (€).

Mot cdch tong qudt, ta ¢ khdi niém diém uén nhu sau :

Diém U(xy; f(xy)) dugc goi 1a diém u6n cla d6 thi ham s6 y = f(x) néu
ton tai mot khoang (a; b) chda diém x, sao cho trén mot trong hai khoang
(a;xy) va (xq; b) ti€p tuyén cua do thi tai diém U nam phia trén do thi con
trén khoang kia ti€p tuyén nam phia du6i do6 thi (xem bai tap 30). Nguoi ta n6i
ring ti€p tuyén tai diém u6n xuyén qua do thi (xem hinh 1.13). Dé tim diém
uon ctia dé thi c¢6 thé sir dung diéu khang dinh da dugc chiing minh sau day.
Néu ham s6" y = f(x) cé dao ham cdp hai trén mot khodng chiia diém x,,,
f"(x9) =0 va f"(x) doi ddu khi x qua diém xq, thi U(xy; f(xy)) la mot
diém uon cua do thi ham sé'y = f(x).

4
3+x2+3x+§.

Vidu. Tim di€ém uon ctia d6 thi ham s6 f(x) = —%x
Giai. Taco f'(x) = —x? +2x+3 , f'(x) = 2x+2va f"(x) =0 tai diém
Xo =1. Vi f"(x) d6i ddu (tir duong sang 4&m) khi x qua diém x, = 1 nén
U(1;5) 1a diém u6n ctia d6 thi ham s6 da cho. O
Dé chiing minh duoc rang :
D6 thi ciia ham s6 bdc ba f(x) = ax> + bx*> +cx+d (a # 0) luon cé mot
diém uon va diém dé la tam doi xiing ciia do thi.
Vi du 2. Khdo sét su bién thién va vé d6 thi cua ham s6

y = x> +3x% —4x+2.
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Giai
1°. Ham s0 ¢6 tap xac dinh 1a R.

2°. Su bién thién cua ham s6
a) Gi6i han cua ham so tai vo cuc
lim y =+ va lim y = —o.

X—>—00 X—>+0
b) Bang bién thién
Ta co y'=—3x2+6x—4.

Vi y' <0 v6i moi x € R nén ham s6 nghich bién trén R. Ham s6 khong c¢6

cuc tri.

X —0 +o0

y' -

+00
y T
—Q0

3°. D6 thi (h.1.14)
e Diém uon
Pao ham cdp hai cia ham s6 Ia
y"=-6x+6.
y"=0 tai diém x=1 va y" déi Y
diu tr duong sang am khi x qua
diém x = 1.
Vay U(1 ; 0) 1a diém u6n clia do thi.
e Giao diém ctia do thi véi truc toa do
Giao diém ctia d6 thi véi truc tung 1a : -
diém (0 ; 2). - ’
Phuong trinh y = 0 hay
(x—1)(x*=2x+2)=0 c¢6 nghiém
x=1.
Do dé, dé thi cat truc hoanh tai diém
(1;0). Hinh 1.14

Nhdn xét : D6 thi nhan diém uoén U(1 ; 0) 1am tam d6i xdng.



3. Ham so trung phuong y = ax* + bx? + ¢ (a = 0)
Vi du 3. Khdo sat su bién thién va vé do thi cia ham s6
y = xt—2x? -3,
Gidi
1°. Ham s6 ¢6 tap xac dinh la R.
2°. Su bién thién cua ham s6
a) Gidi han cua ham so tai vo cuc

Iim y =400 va lim y = +oo.
X—>—00 X—>+0

b) Bang bién thién
Ta ¢6 y' = 4x® —4x = 4x(x* - 1) ;

y'=0& x =0 hoac x =1 hodc x=-1.

X | —© -1 0 1 +00

y' - 0 + 0 — 0 +

y +00\ / -3 \ / +00
-4 —4

Ham s6 nghich bién trén mdi khoang Y
(—o0;—1) va (0;1), dong bién trén
moi khoang (—1;0) va (1;+ o).

Ham s6 dat cuc dai tai diém x = 0, gia

tri cuc dai cua ham s6 la y(0) = -3. -
Ham s6 dat cuc tiéu tai cdc diém

x = %1, gid tri cuc tiéu clia ham s6 la

y(xl) = 4.

3°. D6 thi (h.1.15)

e Diém uon

Tacé y"=12x> — 4.

Hinh 1.15



NE NE

y"'=0 tai cic difm x; = —, x, = - va y" d6i ddu khi x qua mbi

diém x; va x,.

V3 5] “ U2£\/§ 5

Do d6 U, [_?;_36 —;—36] 12 hai diém uo6n cta do thi.

e Giao diém cua do thi v6i truc tung 1a diém (0; —3).
Tac()y=0<:>x=i\/§.

Vay d6 thi cit truc hoanh tai hai diém (—/3 ; 0) va (/3 ; 0).

Nhdn xét : Ham s6 da cho 1a ham s6 chin nén d6 thi cua n6 nhan truc tung
lam truc doi xung.

Vi du 4. Khdo sét su bién thién va vé d6 thi cua ham s6
y = —x* —2x% +3.

Giai

1°. Ham s6 ¢6 tap xac dinh 1a R.

2°. Su bién thién cua ham s6

a) Gidi han cua ham so6 tai vo cuc

lim y=—00 va lim y = —o0.
X—>—00 X—>+0

b) Bang bién thién
Ta co y' = —4x% —4x = —4x(x* +1) ;

vy =0« x=0.

X —00 0 +00
y' + 0 -
3




Ham s6 dong bién trén khoang (- ; 0) va
nghich bién trén khoang (0 ; +o0).

Ham s6 dat cuc dai tai diém x =0 ; gid
tri cuc dai cua ham s6 l1a y(0) = 3.

3°. Do thi (h.1.16)

Giao diém clia d6 thi v6i truc tung 13 diém
(0;3). Taco

y=0< x ==I1. 1 *
Vay d6 thi cét truc hoanh tai hai diém 1l
(=1;0) va(l;0).
Nhdn xét : Ham so6 da cho la ham s6 chan 5l
nén d6 thi ctia né nhan truc tung lam truc
doi xing.
CHU Y Hinh 1.16
Goi (%) 1a dé thi chaham s6 y = ax* + bx* + ¢ (a # 0).
Ngudi ta chitng minh dugc ring
1) Néu phuong trinh
[ =0 (1)

c6 hai nghiém phan biét x = +x; (x, > 0) thi d6 thi (¢) c6 hai
diém udn U,(xy; f(xy)) va Uy(—xy; f(—=x)) d6i xiing v6i nhau
qua tryc tung.
2) Néu phuong trinh (1) ¢c6 mot nghiém kép hoac vo nghiém thi do
thi (¢) khong c6 diém uon.
(Dé thay riang dé thi ham s6 trong vi du 4 khong c6 diém uon).
Cau hoi va bai tap
40. a) Khao sat su bién thién va vé d6 thi cia ham s6
y = 2+ 327 -4
b) Viét phuong trinh tiép tuyén clia do thi tai diém uon.
c¢) Chitng minh ring diém uon 13 tam d6i xdng ctia do thi.
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41. a) Khao sat su bién thién va vé d6 thi cia ham s6
y:—x3+3x2 —1.
b) Tuy theo cac gia tri cua m, hdy bién luan s6 nghiém ctia phuong trinh

X +32-1=m
42. Khao sat su bién thién va vé d6 thi clia cac ham s6 sau :

a)y=%x3—x2—3x—§; b)y=x3—3x+1;
c)y:—%x3+x2—2x—%; d)y:x3—3x2+3x+1.

43. a) Khao st su bién thién va vé do thi ciia ham so
y = —x* +2x% -2,
b) Tuy theo céc gia tri cua m, hay bién luan s6 nghiém clia phuong trinh
2t -2=m
¢) Viét phuong trinh ti€p tuyén tai cdc di€ém uon ctia d6 thi & cau a).

44. Khao sét su bién thién va vé do thi clia cdc ham s6 sau :

a)y:x4—3x2+2; b)y:—x4—2x2+1.

Luyén tap

45. a) Khao sat su bién thién va vé do thi ciia ham s6
y = X =322 4 1.
b) Tuy theo cac gia tri cua m, hay bién luan s6 nghiém cua phuong trinh

¥ o3 em+2=0.
46. Cho ham so6

y = (x + D% +2mx + m + 2).
a) Tim cdc gid tri cia m dé do thi cha ham s& di cho cit truc hoanh tai ba
diém phan biét.

b) Khao sét su bién thién va v& do thi ctia ham s6 véi m = —1.
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47.

48.

Cho ham s6
y:x4 —(m+1)x2 + m.
a) Khao sét su bién thién va vé d6 thi ctia ham s6 v6i m = 2.
b) Ching minh ring d6 thi cia ham s6 da cho luon di qua hai diém c6 dinh
vGi moi gia tri cua m.
Cho ham so
y = = 2mx’ + 2m.

a) Tim cdc gia tri chia m sao cho ham s6 ¢6 ba diém cuc tri.
1

b) Khao sat su bién thién va v& do thi clia ham s6 véi m = 5 Viét phuong

trinh ti€p tuyén clia do thi tai hai diém uon.

KHAO SAT SU BIEN THIEN VA VE
PO THI CUA MOT SO HAM PHAN THUC
HO'U TI

Hamso y = Z;C:z (c#0 va ad — bc # 0)
Vi du 1. Khéo sét su bién thién va v& do thi ciia ham so
_ 2x -1
Y= x—1
Gidi

1°. Ham s6 ¢6 tap xac dinh 1a R\ {1} .
2°. Su bién thién cua ham s6
a) Gidi han vo cuc, gidi han tai vo cuc va cadc duong tiém can

Tacé lim y = -0 vd lim y = +o0. Do dé, dudng thang x =1 1a tiém can
x—1 x—1"

ding ctia d6 thi ham s6 di cho (khi x — 17 vakhi x — 17).
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2.

46

Vi lim y = lim y =2 nén dudng thing y = 2 1a tiém can ngang clia do
X—>+00 X—>—00

thi ham s6 da cho (khi x — +oo vakhi x — —o0).

b) Bang bién thién

-1 .
Ta c6 y':—2<Ovc’>‘1lex;t1.
(x =1
X —o0 1 +00
y' - -
2
+00
—o0 2

Ham s6 nghich bién trén moi khoang (—o0 ; 1) va (1;+ o).

N YA
3°. P6 thi (h.1.17)

D6 thi cat truc tung tai diém (0 ; 1) va cat

truc hoanh tai diém (% ; O}

Nhdn xét : Do thi nhan giao diém I(1 ; 2)

cua hai duong tiém can lam tam doéi xung.

)
\
[H1] Khdo sat su bign thien va vé dé thi ham I
B 1-x 2
s¢ y= x+2

S /wlmw -

ax? + bx + ¢

Ham so y = a+0,a #0
Y a'x+b' ( ) Hinh 1.17
. ), U O X4 2x+2
Vi du 2. Khao sét su bién thién va v€ do thi chaham so y = =1
x

Gidi
1°. Ham s6 ¢6 tap xdc dinh 1a R\ {-1}.
2°. Su bién thién ctia ham s6

a) Gidi han tai vo cuc, gidi han vo cuc va cac duong tiém can



Ta vi€t ham s6 da cho du6i dang

=x+1+ .
J x+1
Tacod lim y =—o0 va lim y = +oo.
X—>—00 X—>+00
Vi lim y=-0 vd lim y =+ nén dudng thing x = —1 1a tiém
x> (=1)" x> (-1*

can ditng ctia d6 thi ham s6 da cho (khi x — (=1)” vakhi x = (=1)").

Vi lim [y—(x+1)] = lim =0,va lim [y—(x+1)]=0

X—>+00 x—>+0 X + X—>—00
nén duong thang y = x + 1 12 tiém can xién clia do thi hAm s6 da cho (khi
X —> 400 vakhi x — —o0).

b) Bang bién thién
2
Tacod : y' = al +2§;
(x+1)

y':0<:>x2+2x=0<:>x=0hoacx=—2.

; _Oo/—z\_oo +OO\2/+OO

Ham s6 dong bién trén mdi khoang

(—0;-2) va (0;+), nghich bién

trén moi khoang (-2 ;-1) va (-1; 0).

Ham so dat cuc dai tai diém x = -2

V61 gid tri cuc dai y(-2) = -2 va dat

cuc tiéu tai diém x = 0 véi gia tri cuc ] .
tiéu y(0) = 2.. S % N [
3°. Do thi (h.1.18) |
D6 thi cit truc tung tai diém (0 ; 2).

=Y

Nhdgn xét : Do thi nhan giao diém
I(—1;0) cta hai duong tiém can lam

tam doi xung. Hinh 1.18
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Vi du 3. Khdo sét su bién thién va vé d6 thi cua ham s6

B x> —2x-3
YT T2
Gidi. C6 thé viét ham s6 da cho duéi dang
Y= x—2

1°. Ham s6 ¢6 tap xdc dinh 1a R\ {2}.
2°. Su bién thién ctia ham s6
a) Gidi han tai vo cuc, gidi han vo cuc va cac duong tiém can

Ta co

lim y=—0 va lim y =40 ;
X—>—0 X—>+00

lim y =400 va lim y = —oo,
X2 x—2"

Do d6, duong thang x = 2 14 tiém can ding clia do thi ham s6 da cho (khi

X — 2  vakhi x > 2%).

Vi y—x:x_—_32—>0 khi x — +o0 va khi x —> —oo nén dudng thang y = x
1a tiém can xién cta d6 thi ham s6 da cho (khi x — 4o va khi x — —o0).
b) Bang bién thién

3
(x =2)°
khoang (—o0 ; 2) va (2 ;+o).

Viy =1+ >0 v6i moi x # 2 nén ham s6 dong bién trén moi

X —00 2 +00

y' + +

y +00 +00
—00 / —o0 /



3°. D6 thi (h.1.19)

e Giao diém cta dé thi véi truc
tung 12 diém (0 : %) .Tacé
y=0 x2 —2x-3=0

< x=-1 hoac x =3.

Vay do6 thi cat truc hoanh tai
hai diém (=1;0) va (3;0).

Nhdn xét : D6 thi ham s6 nhan
giao diém /(2 ; 2) cua hai dudng

tiém can lam tam doi xding.

[H2| Khéo sat su bien thien va

2
. X2 o2 X
V& d6 thi ham s6 y = — =X, Hinh 1.19
x+1

n ?2m . . - n
Cau hoi va hai tap
49. a) Khao sat su bién thién va vé d6 thi cia ham s6

x—-2
2x + 1

y:

b) Ching minh ring giao di€ém I clia hai dudng tiém céan cua d6 thi 1a tam d6i
xung cua do thi.
50. Khao sat su bién thién va vé do thi cia cdc ham s6 sau :
x+1 _2x+ l.

Vy=T"7° b y=13;

51. a) Khao sét su bién thién va vé do thi cia ham s6
B 2x% +5x + 4
x+2
b) Chitng minh ring giao diém I clia hai dudng tiém can cua do thi 1a tam d6i
xung cta do thi.
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52.

53.

54.

5S.

56.

50

c¢) Tuy theo cédc gia tri cia m, hay bién luan s6 nghiém ctua phuong trinh

247 + 5x + 4

) +m=0.

Khao sat su bién thién va vé do thi clia cac ham s6 sau :

2 2
x“—-3x+6 2x° —x+1
) y=—r1"7 b y=——"7"""7:
252 +3x -3 1
e ——— = - 2 - .
c)y ) ; d) y=—x+ +x_1

Luyen tap

x+1

x—2

b) Viét phuong trinh tiép tuyén ctia d6 thi ham so da cho tai giao diém A clia
d6 thi véi truc tung.

a) Khao sét su bién thién va vé do6 thi cia ham s6 y =

¢) Viét phuong trinh ti€p tuyén ctia d6 thi ham s6 da cho, biét ring ti€p tuyén
d6 song song vdi ti€p tuyén tai di€ém A.

a) Khao st su bién thién va vé do thi (/) chahams6 y =1 — i T
X
b) Tix d6 thi (#{) suy ra cdch v& do thi ciia ham s6 y = —1 + Tl
b3 2 LN A N ~ N . 9 N A 2
a) Khao sat su bién thién va vé do thi chaham s6 y = x — 1

b) Viét phuong trinh ti€p tuyén clia d6 thi ham s¢ da cho biét rang ti€p tuyén
do di qua diém (3 ; 3).

2
a) Khao sat su bién thién va v& do thi (€) cliaham sd y = —
X
2
b) Tir d6 thi (¢) suy ra cach vé& d6 thi cia ham s6 y = ﬂ
X+



MOT SO BAI TOAN THUONG GAP
S VE PO THI

1. Giao diém cua hai dé thi
Cic d6 thi cha hai ham s6 y= f(x) va y=g(x) cit nhau tai diém
M(xy ; yy) khi va chi khi y, = f(xy) va y, = g(xg), tic 1a (x; ; yy) 1a mot
nghiém cta hé phuong trinh
{y = f(x)
y = g(x).
Nhu vay hoanh do giao diém ctia hai d6 thi trén 12 nghiém ctia phuong trinh
f(x) = g(x).
S6 nghiém clia phuong trinh trén bang s6 giao di€ém cua hai do thi.
Vi du 1. V6i cdc gid tri ndo clia m, duong thang y = m cat dudng cong
y = x* = 2x? — 3 tai bon diém phan biét ?
Gidi
Hoanh do giao diém clia dudng thing va dudng cong di cho 13 nghiém clia
phuong trinh x* — 2x* =3 =m, tic Ia

o2k -m-3=0. (D)
DatX=x2, X >0, ta dugc
X2 -2X-m-3=0. )

Duong thang cit dudng cong da cho tai bon diém phan biét khi va chi khi
phuong trinh (1) c¢6 bon nghiém phan biét. Diéu nay xdy ra khi va chi khi
phuong trinh (2) c6 hai nghiém duong X, X, phan biét, tic la

A'>0 m+4>0
XX,>0 o -m-3>0& 4<m<-3.
X, +X,>0 2>0 O
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Nhdn xét

C6 thé giai bai toan trén bing do thi nhu sau :
Do thi cia ham s6 y = M o2x? -3 dugc cho trong hinh 1.15.

D6 thi clia ham s6 y = m 12 mot dudng thang song song hoic tring véi truc
hoanh. Dua vio dé thi clia hai ham s6 di cho, ta thay ngay ring dudng thang va
dudng cong da cho cit nhau tai bon diém phan biét khi va chi khi —4 < m < -3.

El Chimg minh réng véi moi gia tri ctia m, dudng thang y = x —m cat dudng cong
2
- + 2 > .
y= x—lx tai hai diém phan biét.
x —

Su ti€p xiic cua hai duong cong

DINH NGHIA

Gia sl hai ham s6 f va g ¢6 dao ham tai diém x,. Ta néi rang hai
dudong cong y = f(x) vd y = g(x) tiép xiic v6i nhau tai diém
M(xy ; yy) néu M la mot di€ém chung cua chiing va hai dudong

cong c6 ti€p tuyén chung tai diém M. Diém M dugc goi 1a
tiép diém clia hai dudng cong da cho.

Hién nhién c4c d6 thi ctia hai y
ham s6 da cho ti€p xidc véi
nhau tai diém M(x, ;y,)
(h.1.20) khi va chi khi -

Yo = f(x())’ Yo = g(x())

va f'(xy) = g'(xp).
Tur d6 dé dang suy ra rang Hinh 1.20

Hai duong cong y = f(x) va y = g(x) ti€p xic v4i nhau khi va

chi khi hé phuong trinh
{f(x) = 8()
['(x) =¢g'(x)

c6 nghiém va nghiém cua hé phuong trinh trén 1a hoanh do tié€p
diém cua hai dudng cong do.



Vi du 2. Chiing minh riang hai dudong cong

y=x3+§x—2vﬁy=x2+x—2

ti€p xtdc v6i nhau tai mot diém nao do.

Xic dinh tiép diém va viét phuong trinh ti€p tuyén chung cta hai dudng cong
da cho tai diém do.

Gidi

Hoanh do ti€p diém cua hai dudng cong da cho 1a nghiém ctia hé phuong trinh

x3+§x—2 =2 +x-2
4
@ s ,
(x3+zx—2) =(x2+x—2)'.
Ta co
x3—x2+%:0 1
D < & X ==
3a% + 5 =20 +1
A . 2 a ~ e . g 1 5
Vay hai dudng cong da cho ti€p xuc v6i nhau tai diém M 2577 )

Hé so6 goc cla ti€p tuyén chung tai diém M cta hai dudng cong da cho la

y'(zj = 2. Phuong trinh ti€p tuyén chung cua hai dudong cong tai diem M la
1 5 9
y—Z(x—z)—Z, hay y—2x—Z-

@ Chung minh rang dudng cong y = X —x tiép xuc voi parabol y = X2 —1 tai
mot diém nao do.

Xac dinh tiép diém va viét phuong trinh tiép tuyén chung cla hai dudng cong tai
diém do.

Vi du 3. Ching minh ring duong thang y = px + ¢ 1a tiép tuyén clia parabol
y = ax® + bx + ¢ khi va chi khi phuong trinh

ax2+bx+c=px+q
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hay
ax2+(b—p)x+c—q:0 3)
c6 nghiém kép, tuc la
A =(b—p)2 —4a(c —q) =0.
Chitng minh
Ta da biét : Duong thang va parabol da cho tiép xiic v6i nhau khi va chi khi he
phuong trinh
ax? +bx+c=px+q
{(ax2 +bx+c¢) =(px+q)
hay

ax2+(b—p)x+c—q=0
2ax +b =p 4

c6 nghiém.
Néu dudng thang ti€p xtc v6i parabol thi hé phuong trinh trén c6 nghiém. Gia
stt x = X, 1a nghiém cta hé phuong trinh trén. Khi d6, vi a # Onén tir (4) ta

co xy = pz_b Thay vao (3), ta dugc
a

J— 2 J—
JP=0" b p) (pzab)

> +c—q=0.

4a

Tir d6 suy ra
(b~ p)* —4a(c ~q) =0.
Vay phuong trinh (3) c6 nghiém kép.
bao lai, néu phuong trinh (3) c6 nghiém kép x, thi x, = pz—_ab- Hién nhién

X = X, cting 12 nghiém cta phuong trinh (4). Vay hé phuong trinh trén cé

nghiém. Do d6 duong thang 14 ti€p tuyén clia parabol.



CHUY
C6 thé 4p dung diéu khang dinh trong vi du 3 dé xét su tiép xic clia
duong thing va parabol.
Vi du 4. Viét phuong trinh clia dudng thing di qua diém A(1 ; —2) va tiép xic
v6i parabol y = x> = 2x.
Gidi
Phuong trinh clia dudng thang di qua diém A(1 ; —2) va c6 hé s6 goc m 1a
y=m(x—-1)-2.

Hoanh do giao diém clia dudng thang va parabol di cho 1a nghiém cua
phuong trinh X —2x=m(x-1)—2, tic 1
= (m+2)x+m+2=0. (5)

Duong thang ti€p xidc véi parabol khi va chi khi phuong trinh (5) c6 nghiém
kép, tic la

A=m+2?% —4m+2)=0
S m+2)(m-2)=0 < m=2 hoacm=-2.

Vay c6 hai ti€p tuyén clia parabol da cho di qua diém A. D6 1a hai
duong thing
y=2(x-1—-2 hay y=2x-4

va y=-2(x-1)—-2 hay y=-2x.

Cau hoi va hai tap
57. a) Khdo sét su bién thién va vé& do thi (€) cia ham so
Fx)=2x +3x% +1.

b) Tim cdc giao diém clia dudng cong (¢) va parabol

@) : g(x) =2x> +1.

55



¢) Viét phuong trinh cdc ti€p tuyén ctia (¢) va (P) tai mdi giao diém clia ching.

d) Xéc dinh cdc khoang trén d6 (¢) ndm phia trén hoac phia dudi (&).

58. a) Khao sat su bién thién va vé d6 thi cia ham s6

2x -1
Y= x+1

b) Véi cdc gid tri nao cha m, dudng thang d,, di qua di€ém A(-2 ; 2) va c6 hé
s6 géc m cét do thi cia ham s6 da cho
e Tai hai diém phan biét ?

e Tai hai diém thudc hai nhdnh ctia d6 thi ?

59. Ching minh rang cdc d6 thi ctia ba ham s6

60. Ching minh rang cdc d6 thi clia hai ham s6 f(x)=——+—=x va g(x) =

F)==x243x+6, g) =X = x> +4 va h(x)=x*> + Tx + 8
ti€p xdc v6i nhau tai diém A(-1 ; 2) (tic 12 chiing ¢ cuing tiép tuyén tai A).

2 3 3x
x+2

2 2
ti€p xtic v6i nhau. Xdc dinh ti€p diém cua hai dudong cong trén va viét phuong
trinh ti€p tuyén chung cua chiing tai diém do.

61. Mot vién dan dugc béan ra
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v6i van toc ban dau
Vo > 0 tor mot nong sing

YA

dat & goéc toa do O, )
nghiéng mot goc o véi
mat dat (ndng sing niam
trong mat phang thang o %)
diing Oxy va tao véi truc 5 = -
hoanh Ox goc «) (h.1.21).
Biét quy dao chuyén dong Hinh 121
ctia vién dan 1a parabol.

(7g) - y = —iz 1+ tan’ oc)x2 + xtana

2vg

(g 1a gia toc trong truong).



Ching minh rang v6i moi « € (O ; g) , (7,) luon ti€p xdc véi parabol (I')

cO phuong trinh la
2
§ 2 W
2v§ 28

va tim toa do tié€p diém ((I') dudgc goi la parabol an toan).

Luyen tap
62. a) Khao sét su bién thién va vé d6 thi cia ham so
_x—1
y= x+1

b) Chitng minh ring giao diém I clia hai dudng tiém can cta dudng cong da
cho la tam d6i xing cua no.
63. a) Khao sat su bién thién va v& do thi (H) clia hAm s6

x+2
y_2x+l

b) Chitng minh ring duong thang y = mx + m — 1 luoén di qua mot diém co

dinh ctia duong cong (#) khi m bién thién.

c¢) Tim céc gid tri clia m sao cho dudng thang da cho cat duong cong (H) tai
hai diém thuoc cing mot nhanh cia ().

ax® — bx

4. Choham s6 y =
6 o ham so y 1

N . a2 3 S . P N - ~ . e 5
a) Tim a va b biét rang d6 thi (¢) cia ham s6 da cho di qua diém A(—l ; E)
va tié€p tuyén clia (€) tai diém O(0 ; 0) c6 hé s6 goéc biang —3.
b) Khao sat su bién thién va vé d6 thi cia ham s6 vGi cac gia tri cta a va b
da tim duoc.
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65. a) Khao sat su bién thién va v& do thi ciia ham s6

2x% —x +1
T
b) Vi c4c gid tri ndo clia m dudong thang y = m — x cat do thi cia ham so
da cho tai hai diém phan biét ?
c) Goi A va B 1a hai giao diém d6. Tim tap hop céc trung diém M cla doan
thang AB khi m bién thién.

66. Tim cac hé s6 a va b sao cho parabol y = 2x* +ax+ b ti€p xiuc véi hypebol

1 . 1
=—taidiem M| = ;2 |.
y = tai diem (2 )

67. Mot tap chi duoc ban véi gid 20 nghin dong mot cudn. Chi phi cho xuét ban
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x cudn tap chi (bao gom : luong can bo, cong nhan vién, gidy in, ...) dugc
cho boi

C(x) = 0,0001x% — 0,2x + 10000,
C(x) dugc tinh theo don vi 1a van déng. Chi phi phat hanh cho méi cuon la
4 nghin dong.
1°. a) Tinh téng chi phi T(x) (xuét ban va phat hanh) cho x cu6n tap chi.

b) Ti s6 M(x) = @ duoc goi la chi phi trung binh cho mot cudn tap chi khi

xudt ban x cudn. Tinh M(x) theo x va tim s6 lugng tap chi can xuét ban sao
cho chi phi trung binh la thap nhat.

2°. Céc khoan thu bao gém tién béan tap chi va 90 triéu dong nhan dugc tir
quang cdo va su trg gitp cho bdo chi. Gia sit s6 cuon in ra déu dugc ban hét.

a) Ching minh rang s6 tién 1ai khi in x cudn tap chi 1a
L(x) = —0,0001x* + 1,8x — 1000.
b) Hoi in bao nhiéu cudn thi ¢6 1ai ?

¢) In bao nhiéu cuon thi 14i nhi€u nhat ? Tinh s6 tién 13i do.



TiINH LOI, LOM VA DIEM UON CUA DUGNG CONG

diém uon o~ D
cung 16i CD

®

YA . 5i AR
4 cung 161 AB
cung 1om BC
e E e
0 X

Hinh 1.22

Pudng cong (¢) trén hinh 1. 22 gém ba cung XE BC va CD .Ta thay ti€p tuyén
clia dudng cong tai méi diém M clia cung AB déu nim phia trén cla cung ; ngudi ta
goi AB 1a mot cung 16i. Trai lai, ti€p tuyén tai méi diém clia cung 1/32’ nam phia dudi
clia cung ; g(\? dugc goi la mét cung 18m. Diém B 1a diém phan chia hai cung 16i va
cung 18m cla dudng cong ; ngudi ta goi nd 1a mot diém udh ciia dudng cong (€).

Tuong tu, C ciing I& mét diém udn vi né phan chia cung 18m BC va cung 16i CD .
Ta ciing thay tiép tuyén clia duding cong tai diém uén xuyén qua dudng cong.

Sau day ta sé gi6i thiéu cac khai niém da néu mét cach chinh xac.
1. Tinh 18i, 16m cta dé thi
Dinh nghia. Gia si ham s6 f c6 dao ham trén khoang /. Ta néi rang

a) D6 thi (€) clia ham s6 y = f(x) 16i trén khoang I néu tiép tuyén ctia (€) tai méi
diém cla n6 déu nam phia trén dé thi.

b) D6 thi (€) clia ham s y = f(x) I6m trén khoang I néu tiép tuyén cla (€) tai moi
diém clia n6 déu nam phia dudi d6 thi.

Ta thtra nhan dinh li sau day.
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Dinh li. Gia st ham s6 f ¢ dao ham cép hai trén khoang /. Khi d6

a)Néu f"(x) <0 véimoi x e thidd thi (€¢) clia ham s6 y = f(x) 16i trén .

b) Néu f"(x) >0 véimoi x e thi db thi (€) clia ham s6 y = f(x) 16m trén 1.

Vi du 1. Xét tinh 18i, 16m clia hai parabol f(x) = x* va g(x) = —x°.

Gidi. Taco f'(x)=2x va f"(x)=2.

Vi f"(x) >0 v6i moi x € R nén parabol f(x)= K 16mtrén R.

Trai lai, vi g"(x) = -2 <0 v6i moi x € R nén parabol g(x) = ~18itren R.

C6 thé thdy ngay didu khang dinh trén tir dinh nghfa. Tiép tuyén cdia parabol f(x) = x
tai mbi diém clia n6 déu nim phia dudi dé thi va tiép tuyén cla parabol g(x) = — x?
tai méi diém clia n6 déu ndm phia trén dé thi.

Chu y. Biéu kién néu trong dinh Ii trén chi 1a diéu kién di chr khdng phai la diéu kién
can clia tinh 16i, 16m cGa d6 thi. Chang han, dudng cong f(x) = x* 1a 16m trén R vi
ti€p tuyén clia dudng cong tai méi diém ctia né déu nam phia dudi dudng cong. Tuy

nhién, ta cé £"(x)=12x> >0 véimoi x € R va f"(x) =0 tai x=0.

Diém udn ctia dé thi

Dinh nghia. Gia sir ham s& f c6 dao ham trén khoang (a ; b) cha diém x,. N&u d6
thi (€) clia ham s8 y = f (x) 16i trén mot trong hai khodng (a ; x,), (x, ; b) va 16m trén
khodng con lai thi U(x ; f (x,)) dudc goi la diém uén cla dé thj (€) (h.1. 23).

L ¥ AY

diém uon

Qb

Q-2

0 Xo b X

Hinh 1.23
N6i mot cach khac, diém udn ciia d6 thi [ diém phan chia hai phan 16i va 16m cla
do thi.
Tiép tuyén ciia d6 thi tai diém udn ludn xuyén qua dé thi.
Tu dinh i vé tinh 16i, 16m ctia d6 thi, dé dang suy ra
Dinh Ii. Gia sit ham s& f c6 dao ham c&p hai trén khodng I chia diém x,. Néu
f"(xg) =0 va f"(x) d6i ddu khi x qua diém x, thi U(xy ; f(xg)) 1a mot diém udn

cla d6 thi ham s6 y = f(x).



Vi du 2. Tim cac khoang I6i, I1dm va diém uén cla d6 thi ham sé

1 4
y=—§x3+x2+3x+§.

Gidi. Tacod y'=—x>+2x+3 va y"=-2x+2.

Bang xét dau cla y":

y

Vi y">0 trén khoang (—oo; 1) nén db thi (€) cia ham s6 I6m trén khodng (—oo; 1).
Vi y" <0 trén khoang (1;+00) nén dé thi (€) 16i trén khodng (1;+ ).

U(1 ; 5) 1a diém uén cla d6 thi (€).

Cau hai va bai tap on tap chuang |

68. Chiing minh cdc bat dang thic sau :

)

3
b) tanx>x+%v6imoixe(0;7n)

Hudng dan. a) Ching minh rang ham s6 f(x) = tanx — x dong bién trén nira

) T
khoang {O ; 2}.

N|:-l

a) tanx > x, v6imoi x € (O;

69. Xét chiéu bién thién va tim cuc tri (néu c¢6) clia cac ham s6 sau :

a) y=43x+1; b)y:\/4x—x2;
c)y=x+\/;; d)y=x—x/;.

70. Ngudi ta dinh 1am mot cdi hop hinh tru bing ton c6 thé tich V cho trudc. Tim
bén kinh ddy r va chiéu cao & cta hinh tru sao cho ton it nguyén liéu nhat.
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71. Chu vi ciia mot tam giac la 16cm, do dai mot canh tam giac 1a 6cm. Tim do

dai hai canh con lai clia tam giac sao cho tam giac c6 dién tich 16n nhat.

Hudng ddan. Co6 thé dp dung cong thitc Hé-rong (Héron) dé tinh dién tich
tam giic :

Néu tam gidac ABC c¢6 do dai cac canh la a, b, ¢ thi dién tich cua n6 la

S = \/p(p —a)(p —b)(p —c¢), planuachu vi tam giac.

72. Cho ham so6

7
3

a) Khao sét su bién thién va v& do thi ctia ham s6 da cho.

f(x) = %x3 —2x°

b) Ching minh rang phuong trinh f(x) = 0 ¢6 ba nghiém phan biét.

73. Cho ham so

f(x)= X+ px +q.
a) Tim diéu kién doi v6i p va ¢ d€ ham s6 f ¢6 mot cuc dai va mot cuc tiéu.
b) Chiing minh ring néu gi4 tri cuc dai va gia tri cuc tiéu tri dau thi phuong trinh
X+ px+qg=0 (1)
c6 ba nghiém phan biét.
¢) Ching minh ring diéu kién can va di dé phuong trinh (1) c6 ba nghiém
phan biét 1a
4 p3 + 27(12 < 0.

74. Cho ham so

) =x =3x+1.
a) Khao sat su bién thién va vé& d6 thi clia ham so.
b) Viét phuong trinh tiép tuyén clia d6 thi tai diém uén U ctia no.
¢) Goi (d,,) 1a dudng thing di qua diém U va c6 hé s6 géc m. Tim céc gid tri
clia m sao cho dudng théng (d,,) cat d6 thi cia ham s6 da cho tai ba diém
phan biét.

75. Cho ham so6
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y=x4—(m+1)x2+m.



a) Khao sét su bién thién va vé do thi cia ham s6 véi m = 2.

b) Tim cic gia tri ctia m sao cho d6 thi ciia ham s cét truc hoanh tai bon
diém, tao thanh ba doan thang c6 do dai bing nhau.

76. Cho ham s6 f(x) = x* — x%.
a) Khao sét su bién thién va vé& do thi ciia ham s6 da cho.
b) Tt d6 thj clia ham s6 y = f(x) suy ra cdch vé& do thi clia ham s6 y =|f(x)|.

77. Cho ham so6

_ x—4m
YT 2 - 1)

c6 dé thila (H,).

a) Khao sat su bién thién va vé do thi ctia ham s6 véi m = 1.

b) Chitng minh ring v6i moi m=# J_r%, cdc dudng cong (H,,) déu di qua hai
diém c6 dinh A va B.

¢) Chiing minh ring tich cdc hé s6 goc cla céc ti€p tuyén véi (H,) tai hai
diém A va B 1a mot hing s6 khi m bién thién.

78. a) V& do thi () cia ham s6 y = ¥ —x+1 vado thi (H) cha ham s6

1
x+1

y:

b) Tim giao diém cta hai dudng cong () va (H). Ching minh ring hai
dudng cong d6 ¢6 tiép tuyén chung tai giao diém cta chiing.
¢) Xdac dinh céc khodng trén d6 () nim phia trén hoac phia dudi ().
79. Cho ham s6
— f=x 4~
Y= B X

a) Khao sat su bién thién va vé do thi (€¢) cta ham so.
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80.

81.

82.

83.
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b) Tiép tuyén cta dudng cong (€) tai diém M (x, ; f(x,)) cat tiém can ding
va tiém can xién tai hai diém A va B. Chiing minh ring M 1a trung diém cta

doan thang AB va tam gidc OAB c6 dién tich khong phu thudc vao vi tri clia

diém M trén duong cong (€).

4
- -

Trong moi bai tap dudi ddy, hday chon mot phuong dn trong cdc phuong dn da
cho dé dugc khdng dinh diing.

x3 )CZ

Hélms6f(x):?—7—6x+%

(A) DBong bién trén khoang (-2 ; 3) ;

(B) Nghich bién trén khoang (-2 ; 3) ;

(C) Nghich bién trén khoang (- ; -2) ;

(D) Dong bién trén khoang (-2 ; +0).

Ham s6 f(x) = 6x° —15x* +10x° =22

(A) Nghich bién trén R ;

(B) Bong bién trén khoang (—oo ;0) va nghich bién trén khoang (0 ; +o0) ;
(C) bong bién trén R

(D) Nghich bién trén khoang (0 ; 1).

Ham s6 y = sinx — x

(A) Dong bién trén R

(B) bong bién trén khoang (-0 ; 0) ;

(C) Nghich bién trén khoang (—oo ; 0) va dong bién trén khoang (0 ; +o) ;
(D) Nghich bién trén R.

Ham s6 f(x) = x> —3x> —9x + 11

(A) Nhan diém x = —1 1am diém cuc tiéu ;

(B) Nhan diém x = 3 1am diém cuc dai ;

(C) Nhan diém x = 1 1am diém cuc dai ;

(D) Nhan diém x = 3 lam diém cuc tiéu.



84. Hams6 y = -4 -5
(A) Nhan diém x =3 1am diém cuc tiéu ;
(B) Nhan diém x =0 lam diém cuc dai ;
(C) Nhan diém x = 3 1am diém cuc dai ;

(D) Nhan diém x =0 lam diém cuc tiéu.

85. S0 diém cuc tri claham s6 y = x* —2x? =3 1a

(A) 0; B 1; <O 3; (D) 2.
2 —
86. S6 diém cuc trj ciia ham s6 y = % 1a
(A) 0O B) 2; O 1; (D) 3.

87. Ham s6 f c6 daoham 1a f'(x) = x2(x + D*2x = 1).
S6 diém cuc tri ctia ham s6 1a
(A) 1; B 2; © 0; (D) 3.

88. Hams6 y = x —sin2x + 3

« 2 T < 2 P
(A) Nhan diém x = 3 lam diém cuc tiéu ;

(B) Nhan diém x = g lam diém cyc dai ;

(C) Nhan diém x = —% lam diém cyc dai ;
(D) Nhan diém x = —g lam diém cuc tiéu.

89. Gia tri 16n nhat cia ham s6 y = -3v1 — x la

(A) -3 B) 1; © -1; (D) 0.
90. Gia tri nho nhat cia ham s6 y = 3sin2x — 4cosx la
(A) 3; B) 53 © -4 (D) -3.

91. Gia tri 16n nhat cia ham s6 f(x) = 23 +3x% —12x + 2 trén doan [-1 ;2] 1a

(A) 6; (B) 10; © 15; (D) 11.
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92. Gi4 trj I6n nhat clia ham s6 f(x) = V—x> —=2x+3 la

(A) 23 B) V2 © 0; D)
\ 20% —3x + 4
93. Goi (¢)1a do thi chahams6 y = ————
3. Goi (¢') 1a do thi cua ham s6 y il

(A) Puong thang x = —1 1 tiém can ding ctia (€).
(B) Duong thang y = 2x — 1 1a tiém cén xién cta (¢).
(C) Budng thang y = x + 1 1a tiém can xién cla (€).
(D) Buong thang y = x — 2 1a tiém can xién ctia (€).
94. Goi () 1a do thi chia ham 6 y = xz—+32
3+ 5x —2x

(A) Buong thang x = 1 12 tiém can diing cta (€).

(B) Duong thang x = —% 1a tiém can ddng cua (€).

(C) buong thang y = 1 1a tiém can ngang ctia (€).
(D) Puodng thing y = —x + 1 1a tiém can xién cta (¢).

2
95. Goi (¢) 1 d6 thi clia ham s6 y = x;—m
—Sx"-2x+3
(A) Buong théng x =2 la tiém can diing cta (€).
(B) Buong thang y = x — 1 1a tiém can xién cta (€).

(C) Pudng thang y = —— 1a tiém can ngang clia (€).

(D) Buong thang y = —— 1a tiém can ngang ctia (€).

D= =

96. Do thi ciaham s6 y = x + 7
x —

(A) Cat dudng thang y = 1 tai hai diém ;
(B) Cat duong thang y = 4 tai hai diém ;
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(C) Tiép xiic v6i duong thaing y =0 ;
(D) Khong cat dudng thang y = —2.

97. Xét phuong trinh X +3x% =m.
(A) V6i m =5, phuong trinh da cho c¢6 ba nghiém.
(B) V61 m = -1, phuong trinh c6 hai nghiém.
(C) V61 m =4, phuong trinh c6 ba nghiém phan biét.
(D) V61 m = 2, phuong trinh c¢6 ba nghiém phan biét.

x=2

98. Do thi ham s6 y = 21
X

. 1 1 ..
(A) Nhan diém [_5 ; Ej lam tam doi xung ;

(B) Nhan diém (—% : 2) lam tam d6i xdng ;
(C) Khong c6 tam doi xung ;
(D) Nhan diém (% : %) lam tam doi xdng.

3

99, S6 giao diém clia hai dudng cong y = x> — x> —2x+3vay=x" —x+11a

(A) 03 B) 1; © 3 D) 2
100. Cac do6 thi cua hai ham s6 y = 3 — % va y = 4x% tiép xtic v6i nhau tai diém M

¢6 hoanh do la

A)x=-1; Byx=1; O x=2; (D)x=%.
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§ LUY THUA VOI sO MU HOU TI

1. Luy thira v6i s6 mii nguyén
Nhic lai rdng v6i mdi s6 nguyén duong n, luy thira bac n ctia s6 a (con goi 1a

luy thira ctia @ v6i s6 mil n) 1a s6 @” xdc dinh boi

a' = aa..a véin >1,
=
nthtra s0
1
a =a.

a duoc goi 1a co s6, n duoc goi 1a s6 mii clia luy thira a” .

) 3
[H1] Tinh [3) L (—3)%, 0%

Dé c6 khdi niém lu§ thira v6i s6 mii nguyén, ta con phai dinh nghia lu§ thira
vGi s6 mii 0 va s6 mil nguyén am.

a) Luy thira v6i so mii 0 va s6 mii nguyén am

DINH NGHIA 1

Vé6i a #0, n =0 hoac n 1a mot s6 nguyén am, luy thira bac n cua

N ~ N 2, . 9 .
alaso a xac dinh boi

L =1,4d" =

Vidul. (-3)7 = (_;)3 = —2—17 (2) =1

Vi du 2. Néu str dung luy thira v6i s6 mii nguyén cta 10 dé biéu dién mot s,
chang han s6 2418,93 duéi dang :
2418,93 = 2.10° + 4.10* +1.10 + 8.10° + 9.107" +3.1072
thi ta thdy trong téng trén, méi s6 hang c6 dang .10, s6 mi k chi 13 vi trf
ctia chit s6 a trong biéu dién thap phan ctia s6 di cho. Chang han, v6i k = —1
69



thi chit s6 a & hang phan muoi, v6i k = 0 thi chit s6 a & hang don vi, véi
k =1 thi chit s6 a & hang chuc, . . . .
CHUY
1) Céc ki hiéu 0, 0" (n nguyén am) khong c6 nghia.
1
a—l’l

3) Nguoi ta thudong ding c4c lu§ thita cia 10 véi s6 mil nguyén dé
biéu thi nhitng s6 rat I6n va nhitng s6 rat bé.

2) Véia#0van nguyén,tacéd a" =

Chang han
Kh6i luong ctia Trai Dat 1a 5,97.10%* kg,

024

Khoi luong nguyén tlr ctia hidro 1a 1,66.1 g,

Tro choi Rubic (Rubik) ¢6 hon 4.10" céch sép xép.
b) Tinh chat cua luy thira véi so6 mii nguyén
Quy tic tinh
Tu dinh nghia lu§ thira véi s6 mii nguyén clia mot s, ta thiy cdc quy téc tinh

to4n cho lu§ thita v6i s6 mii tu nhién van con diing vé6i s6 mii nguyén. Cu thé
ta c6 dinh 1i sau day.

DINH Li 1

Vé6i a # 0, b # 0 va v6i cac s6 nguyén m,n, ta cod

m

1) am'an — am+n : 2) Cl_ — am—n :
a}’l
n
3) (am) = g™ - 4) (ab)" = a"b" :

a n an
o (7)<

Ta chiing minh cong thiic 5).

Vé6i n > 0, cong thic hién nhién ding.
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Véi n < 0, tacod —n 1a s6 nguyén duong. Do d6

b

Cac cong thitc khac dugce chiing minh tuong tu.

a1 1 b 4"
E - a —-n - a—n - a—n _b_}’l
a P

@ Chimg minh céng thuc 1) cda dinh Ii 1 cho truong hgp m >0, n <0 va
m > |nl.

So sdanh cdc luy thira

DINH Li 2

Cho m, n 1a nhitng s6 nguyén. Khi d6

1) V6i a > 1 thi @ > a" khivachikhi m > n ;

2) V6i 0 < a <1 thi a”>a" khi vachikhi m < n.

Tu dinh 1i 2, ta c6

HE QUA 1

V6i 0 < a < b va mla so nguyén thi
1) a” < b™ khivachikhim>0;
2) @ > b"™ khi va chi khi m < 0.

Chitng minh

V10<a<bnéné>1va0<%<1.
a

" (Y
Theo 1) cua dinh 1i 2, ta c6 (Ej > [—j < m > 0, hay

a

a’ <b" < m>N0.

m 0
Theo 2) ciia dinh If 2, ta ¢6 (%j > (%} & m < 0, hay

a" >b" < m<O. O
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Tix hé qua 1, ta c6 thé chiing minh dugc hai hé qua sau :

HE QUA 2

Véi a < b, nlaso tunhién 1€ thi

a" < b".

HE QUA 3

Vi a, b 1a nhiing s6 duong, 7 1a mot s6 nguyén khac 0 thi

a" = b" khi va chi khi a = b.

C6 phai (0,99)2.99 > 997 va (0,99)"1.99 > 997

2. Can bac n va luy thira véi s6 mii hiru ti

Ta da c6 khai niém can bac hai, can bac ba cia mot s6. Sau day, ta xét khai
niém can bac n ciia mot so.

a) Can bac n
DINH NGHIA 2

Vé6i n nguyén duong, can bac n cua s thuc a 1a s6 thuc b
sao cho

b"' = a.

Ta thira nhan hai khang dinh sau day.
e Khi n la so' 1é, méi s6 thuc a chi ¢é6 mot can bdc n. Can d6 dugc ki hiéu
1a ¥a.
e Khi n la s6 chdn, moi s6 thuc duong a cé ding hai cdn bdc n la hai s6” doi
nhau. Can c6 gia tri duong ki hiéu la Ya (con goi 1a cdn s6 hoc bdc n cia a),
can c6 gid tri am ki hieu 1a —¥/a . Pac biet, ¥a duoc ki hieu don gian 1a Va.
Vidu: S6 32 chi c6 mot can bac nam la J32 =2 ;56 64 ¢6 hai can bac sdu

1a Y64 =2 va Y64 = 2.
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Nhdn xét
1) Can bac 1 ctia s6 a chinh 1 a.
2) Can bac nctia s6 01a 0.
3) S6 am khong ¢6 can bac chan vi luy thira bac chan cua mot s6 thuc bat ki 1a
s0 khong am.
4) V6i n nguyén duong 1€, ta c6
Ya >0 khia>0;
Ya < 0 khia <O0.
) Wz{a khi n 18 N
lal khi n chan.

Mot 56 tinh chdt cua cdn bdc n
Tir céc tinh chat clia lu§ thira véi s6 mil nguyén duong, ta c6 thé chitng minh
duogc cac tinh chat sau day.

V6i hai s6 khong am a, b, hai s6 nguyén duong m, n va hai so
nguyén p, g tuy y, ta co

1) Yab = Ya b ;

2)'\1/E ::ﬁ (b>0);

3) Yo = (a) @>0);
4)n\1/n7:mn

5)Nu—= thi \/——\/—(a>0).

Dic biét f "a™.

Cac tinh chat 1), 2), 3) da dugc biét dén do6i véi can bac hai va can bac ba.
Ta chiing minh tinh chat 5).

Giast Va” =xvaNa? =y. Via>0nén x>0,y >0.
Ta co x"=aP, y" =a%. Do do

= gl =
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Mat khéac, vi P _ 4 pen ng = mp. Boi vay, tr x"? = y"™ va x >
nom

suyra x =Yy.

Hoc sinh tu chiing minh tinh chat 4).

Vidu 3

1 81 Y81 3
5/ 5[4 — Sl 4 = 52y — 45— — 4= =2 2
) Y84 =384 =332 =2. b Ste R T

o) IN729 = §729 = 3. ) Y1283 = (Y128) =23 =3,
o) W28 = Vo7 = ¥,
Chung minh réng

a) Néu n la s6 nguyén duong 18 va a < b thi Ya <p ;

b) Néu n Ia s6 nguyén duong chén va 0 < a < b thi Ya < Ub.

b) Luy thira v6i s6 mi hiru ti

DINH NGHIA 3

0,y>0,

O

Cho a la mot s6 thuc duong va r la mot s6 hitu ti. Gia st
m £ S oAl A N NPV A

r =—, trong d6 m la mot s6 nguyén con n la mot s6 nguyén
n

duong. Khi d6, Iu§ thira cha a v6i s6 mii r 1a s6 @’ xdc dinh boi

a - n
a =a" =\Na"

Nhdn xét. Tu tinh chat 5) cha can bac n, ta suy ra rang s6 @' = a

m
n

la xac

. . UV /R T
dinh, khong phu thudc vao phan s6 — bi€u dién so hitu t1 r, tic 1a néu
n

m m'
m m' . n . I SRS VST
r=—=—thia" =a" . Do d6 trong biéu thitc a" véi r1a mot
n o n

ta thuong viét r du6i dang phan so t6i gian ¢6 mau duong.

sO hitu ti,



Vidu 4
2

1

28 = Is2=36s =4 b)273:\3/27‘1:,3/2—17:%.
1

c) a® = Ya (a duong, n nguyén duong).

e C6 thé ching minh dugc rang Iu§ thira véi s6 mil hitu ti (ctia s6 thuc duong)
c6 day du cac tinh chat nhu luy thira v6i s6 mii nguyén da néu & trén.

Vi du 5. Cho a, b 1a nhitng s6 thuc duong. Ta c6

4 4 1

a3b+ab3  ab(a’ +b3) b

Vasdp L T 7T
a3 + b3

Cau hoi va hai tap
Trong céc khang dinh sau, khang dinh nao diing, khéng dinh nao sai ?

a) V6i so thuc @ va cac s6 nguyén m, n, ta c6

b) Vi hai s6 thuc a,b cung khac 0 va s6 nguyén n, ta cé
n n
a a
(ab)' =d"b" ;|- | =—.
b p"
¢) Véi hai s6 thuc a,b thoaman 0 < a < b va s nguyén n, ta co
a" <b".
d) Vi so thuc a khac O va hai s6 nguyén m, n, ta cd
Néu m > n thi a” > a".
Xét khang dinh :

"V6i s6 thuc @ va hai so hitu ti 7, s, taco (@’ )’ = a”™".

75



76

Véi diéu kién nao trong c4c diéu kién sau thi khing dinh trén ding ?

(A) abatki; B) a=#0; ) a>0; D) a<l.
Viét cac s6 sau dudi dang s6 nguyén hay phan so toi gian :
77114 iz : (i] . %
3 S 1523
Thuc hién phép tinh
1 3
<075 (1 )3 (15,
8L (125 32)
1 2 1
b) 0,001 3 —(-2)2.643 -8 3 + (9°)%;
2 | )07
3,01 505,
c) 27° + ( 1 6) 2577
1
12
d) (-0,57* - 625%% — (2Zj +19(-3)7,
Don gian biéu thiic (v6i a, b 12 nhitng s6 duong)
1 7 1 5
Aav®H)* a’—-a3 a3d-a’

b) - :
’ 1 4 2 1
3. [ 12,6 . z —

a’b a’-a3 ad+al
So sdnh céc s0 :

a) 2 va i3 b) 3 +330 va 63 ; ) 7+ V15 va 10 + 328,

Ching minh 37 + 542 + 37 - 542 = 2.

a)




TiNH GAN DPUNG CAN BAC n cUA MOT SO
THAP PHAN BANG MAY TiNH BO TUI.

C6 thé dung may tinh bo tui chng han, may tinh CASIO fx-500 MS dé tim gia tri gan
dung can bac n clia mot sé thap phan.

Vi du 1. D& tim /23,425 , ta &n lién tiép cac phim sau :

V12304254,

Khi d6, trén man hinh hién s6 4.839938016 . Lam tron dén chir s6 thp phan thir tu,
ta dugc

\23,425 ~ 4,8399.

Vi du 2. D& tim 3/8,532 , ta &n lién ti€p cac phim sau :

SHIFT| |3/ | 8 [] 53 2 [=]

Trén man hinh hién s6 2.043385382. Lam tron dén chir s6 thap phan th( tu,

ta dugc
3/8,532 ~ 2,0434.

Luu y : Khi &n lién ti€p hai phim [SHIFT J | ta méi dugc phim 'l

Vi du 3. P& tinh {/320 , ta &n lién tiép cac phim sau :

7 [SHIFT] ¥/ |3 2 0 [4].

Trén man hinh hién s6 2.279704562. Lam tron dén chir s6 thap phan thi tu, ta dugc
320 ~2,2797.

Luu y : Khi &n lién ti€p ba phim 7 |SHIFT Y| taméi dugc phim Z/_

@& tinh 32%2 tadn 3 2 . 2 [=]. Trén man hinh hién s6 65,536

Nhu vay 3232 = 65536.)
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8.

10.

11.

78

Luyen tap
Don gian biéu thiic
a)f—\/g_\/;+%_ b) a-b  a+b
Yo=Y Yo+~ Ja - Aa+p”’
1
a+b 3 3 3/712 a—1 \/;+<1/; -
)| =————3ab |: Ala -3Ip)* ; d) : at +1.
(%+§/3 ] 3L Ja+
a* + a?
Tt tinh chit cua luy thira v6i s6 mii nguyén duong, chiing minh
Yab = Ya b (a 20,b =0, nnguyén duong).
Chting minh

) 4 +243 —J4-2d3 =2 b) 39 + /80 + 39— /30 = 3.

So sanh céc so

5
2) (ﬁ) 6 va ,3/3‘“\@ : b) 3600 vy 5400 .

5
= 3
7 —_
c) GJ va A/2.214 : d) 70 va 4%,

2 LUY THUA VOI sO MU THUC

Khai niém luy thira véi s6 mii thuc

Ta da dinh nghia luy thira v6i s6 mil hitu ti. D€ dinh nghia luy thita v6i s6 mi

thuc tuy ¥, ta con phai dinh nghia luy thira v6i s6 mil vo ti.

Cho s6 vo ti a. Ta thita nhan rang bao gio cling ¢c6 mot day s6 hitu ti

Iis Iys ey Iyy .. M limr, = . Chéng han, v6i

a =2 =1,4142135...



ta co ddy n=1; n=1,4 ; n=0141 ; rn=1414 ; ry=14142 ;
rg = 1,41421 ;.. va limr, = /2.

e Cho a la mot s6 thuc duong va o la mot s6 vo ti. Xét day s6 hitu ti
s Ty e Iy .. ma limrz, = . Khi d6, nguoi ta chitng minh dugc rang day

so thuc a't, a2, ...,a", ... c6 gi6i han xdc dinh (khong phu thudc vao day
so hiru ti (r,) dachon, tic la néu con c6 day hitu ti (r;,) ma limr =«
thi lima'" = lima™). Ta goi gi6i han d6 1a [uy thia cia a véi s6’ mi a, ki

hiéu la a%. Vay

a® = lim a™.
n—+00
Vidul
V2 1a gi6i han cua day so
1, 14; 1,41, 1,414 ; 1,4142 1,41421; ...

nen 10¥2 12 gii han ctia diy s6
10" : 1044 1041 . M4 . oAz, oA

Gid tri ctia 10¥2 bing 25,95455352... .

GHI NHO (vé co s6 cua luy thira)

1) Khi xét luy thira v6i s6 mii 0 va s6 mil nguyén am thi co s6
phai khac 0.
2) Khi xét luy thra v6i s6 mii khong nguyén thi co sO
phai duong.

e Ngudi ta chiing minh duge ring luy thira véi s6 mil thuc (cia mot s6 duong)
c6 day du cac tinh chit nhu luy thira v6i s6 mil nguyén da néu trong §1.

Vidu2
a) Vi a 1a s6 duong, ta co
(a«/§+1)\5—1 e .

—_ ~ =—4_
J! \/E.a V2
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2.
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b) D€ so sanh cic s6 16\/g va 43‘/5, ta dua vé so sanh hai luy thira cling co so.

Tacé 16¥2 = 423, do d6 ta so sdnh 24/3 va 3V2.

Vi (2V3)2 =223 =12, (3v/2)> =322 =18 nén 2+/3 < 3+/2, do d6
423 V2 e 163 < a2

=57 35

1+/5 2

[H1] 7inn | 2 2

Cong thire lai kép

Gli tién vao ngan hang, ngoai thé thic 1ai don (tic 1a tién 14i cha ki trude
khong dugc tinh vao von cua ki k€& ti€p, n€u dén ki han nguoi glri khong rat 1ai
ra), con c6 thé thic [di kép theo dinh ki. Theo thé thic nay, né€u dén ki han
nguoi gui khong rit 13i ra thi tién 1ai dugc tinh vao von cua ki k€ ti€p. Néu
mot ngudi gui so tién A véi 13i suat  mdi ki thi dé thay sau N ki s6 tién ngudi
dy thu duoc ca von 1an 1ai 1a :

C=A01+n". 1)

(C6 thé chitng minh béng quy nap theo N ).

Vi du 3. Theo thé thiic 13i kép, mot ngudi gui 10 triéu dong vao ngan hang.
a) Néu theo ki han 1 nam véi 1ai sudt 7,56% mot nam thi sau 2 nam nguoi do
thu duoc mot so tién 1a

10.(1 + 0,0756)* ~ 11,569 (triéu dong).
b) Néu theo ki han 3 thang véi 1ai suat 1,65% mot quy thi sau 2 nam nguoi d6
thu dugc mot so tién 12

10.(1 + 0,0165)® ~ 11,399 (triéu dong).

@ Mot ngudi dau tu 100 triéu déng vao moét cong ti theo thé thurc 1ai kép vai 1ai
suét 13% mét nam. HSi sau 5 nam mdi rat 1ai thi ngudi dé thu dugde bao nhiéu tién
1ai ? (Gig str rang 1ai sudt hang nam khéng doi).



Céu hdi va bai tap
12. Xét ménh dé : "Vdi céc so thuc x, a, b,néu 0 < a < b, thi a* < b*".
Véi diéu kién nao sau day ctia x thi ménh dé d6 1a diing ?
(A) x batki; B) x>0 ; (©) x<0.
13. Xét ménh dé : "V6i céc s6 thuc a, x, y, néu x < y, thi a* <a’".
Véi diéu kién nao sau day clia a thi ménh dé d6 1a ding ?
(A) abatki; B)a>0; O a>1.
14. Cho céc s6 thuc a, x, y v6ix < y.Hay tim diéu kién cta a dé a* > a”.

15. Tinh cac biéu thic

(0,5\/5 )\/g . 22—3\/5.8\/5 : 31+2§/§ 93/5 )

b

16. Don gian cdc biéu thic

V3+1
(a\/g_l) V21
53 A5 a
17. Mot nguoi giti 15 triéu dong vao ngan hang theo thé thic 13i kép ki han 1 nam
véi 13i sudt 7,56% mot nam. Gia sir 13i suat khong thay doi, hoi s6 tién nguoi

d6 thu duoc (ca von 1an 14i) sau 5 nam la bao nhiéu triéu dong ? (Lam tron
dén chir s6 thap phan thi hai).

Luyen tap

18. Viét cdc biéu thiic sau dudi dang lu§ thira ciia mot s6 v6i s6 mi hitu ti :

a) 423 x>0 ; b),S/gi/% (a>0,b>0);
11
c) 13%,3%\/% : d) Vayavava : a'® (a>0).
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19. Don gian biéu thiic

20.

21.

22,

82

V241 NERS! L
a)a—zﬁ(LJ , b)[aﬁJ 1B

a—\/z—l ’ b\/g—l b_z ’
NN LR
) a—l92+1 ; d) (xn+yn)2— 4mxy | .
(cf/E - b\/g)

Tim céc s6 thuc ¢, thoa man timg di€u kién sau :
) %(“a ra =1 @>0; b3,

Giai cdc phuong trinh sau bang céch dat ¢ = Yx

a) Vx +¥x =2 ; b) Vx -3Yx+2=0.

Giai cac bat phuong trinh sau :

a) x* <3, byx>7;  ox>2; a9l <s.

LOGARIT

Trong bai nay ching ta s& tim hiéu mot trong nhitng phép todn quan trong c6
nhiéu Gng dung trong thuc tién, d6 1a logarit.

Dinh nghia va vi du

Trudc tién, ta c6 nhiing Iuu ¥ sau vé luy thira cia co s6 a :

Cho s6 a duong. V6i méi s6 thuc « tuy ¥, ta luon xac dinh duge luy thira a®.
Hon nira, ta c6

a” 1a mot s6 duong ;

Néua=1thia* =1 =1 v6imoi a € R;



Néu a > 1 thi a* < d” khivachikhi a < 8 ;
Néu0< a <1 thi a* < a” khivachikhi a > f.
Tur do, suy ra
Neu0< a # 1 thi a* = a” khivachikhi a = B.
Nguoc lai, ta thira nhan ring khi a 1a mot s6 duong khac 1 thi v6i moi s6
duong b, c6 mot s6 a dé
a* =b.

Theo luu y & trén, s6 a d6 1a duy nhat. Tir d6, ta c6 dinh nghia sau :
DINH NGHIA 1

Cho a 1a mot s6 duong khac 1 va b 1a mot s6 duong. S6 thuc «

dé a” = b dugc goi 1a logarit co s6 a cua b va ki hiéu 1a

log, b, tic la

a=1log,b<<a” =bh.
Vidul

<102 1 . D
log;; 100 = 2 vi 107 =100 ; loglom =2vil0" =—= 100"

CHUY
1) Khong ¢6 logarit ciia s6 0 va s6 am vi a® luon duong véi
moi « .
2) Co s0 cua logarit phai duong va khac 1.
3) Theo dinh nghia logarit, ta c6

log,1 =0,log,a=1;
logaab=b,‘v’be]R; (1)

a8’ = b Vb e R b >0, (2)

Hai cong thitc (1) va (2) noéi 1én rang phép 14y 16garit va phép nang l1én lu§ thira
12 hai phép toan nguoc ctia nhau. Cu thé, vdi s6 a duong khéc 1 ta c6
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V6i moi so thuc b

b " log, a’ = b;
nang lén luy thira lay logarit co s6 a
cosOa

V6i moi so6 thue b duong
b log, b a'%%b = p,
lay logarit co s6 a nang l1én luy thira
cos6 a

Vidu 2

1 -2
10g3§/§ =log;33 = % ; logl4 = logl (—j = -2
2 2

[H1] Tinn

1
a) log, 5 ; logyg ﬁ : b) 998312 . ( 151805

[H2] voi gid tri néo ciia x thi logz (1-x) =2 ?

2. Tinh chat
a) So sanh hai logarit cung co so

Tu nhitng luu ¥ ctia muc 1, dé dang chiing minh dugc

DINH Li 1

Cho s6 duong a khac 1 va cac s6 duong b, c.
1) Khi a > 1 thi log,b > log,c < b >c ;
2)Khi 0 < a <1 thi log,b >log,c < b <c.

Ta chitng minh 1).
Vi a > 1 nén, theo luu y cia muc 1, ta ¢6

log, b

log, b > log,c < a > % o b >
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[H3] Hay ching minh 2).
Tt dinh 1i 1, ta co

HE QUA

Cho s6 a duong khac 1 va cac s6 duong b, c.
1)Khi @ > 1 thi log,b>0< b>1.
2)Khi 0 <a <1thilog,b>0< b<1.

3) log,b=1log,c < b=c.

Vi du 3. Hay so sanh log, % va log; %
5 2

Gia’i.Vi%<lvé%<l nén log3%>10g31:0.
5 5

Vl%>1Vﬁ%<1nénlog§%<log§1:0.
2 2
3

T do suy ra log, % > log, 5
5 2

5

b) Cac quy tac tinh logarit

T dinh nghia logarit va tinh chat cla luy thira, ta suy ra cic quy tac tinh

logarit.

DINH Li 2

V6i s6 a duong khac 1 va cac s6 duong b, ¢, tacod

1) log,(bc) =log,b +log,c ;
b
2) log, (;] = log, b —log,c ;

3) log, b* = alog,b.
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CHUY
Béng quy nap, suy ra rang véi cac s6 duong by, b,, ..., b,, ta cé
log,(b)b,...b,) = log, b, +1log, b, +...+1og,b,.
Khéng dinh sau ding hay sai ? Vi sao ?
VX € (o0 ; 1), log, (x> —1) = log,, (x + 1)+ log, (x — 1).

Tu dinh 1i 2 dé dang suy ra

HE QUA

V6iso6 a duong khic 1, s6 duong b va s6 nguyén duong 7, ta cd

1) loga% =—log,b ;

2) loga% = %loga b.

Vidu 4
log;16  _ log;16 _ log; 2% _4log;2 _
log, 15 — log, 30 log, ;_3 log, -1 —log,;2

EI Tinh logs J3- %logS 12 + logs 50.

3. Dai co so cua logarit

Trong tinh toan, doi khi ta can biét moi lién hé gitta nhitng 1ogarit v6i co s6
khac nhau.

Sau day la cong thitc déi co so clia logarit.

DINH LI 3

V6i a, b 1a hai s6 duong khac 1 va ¢ 1a s6 duong, ta c

log;, ¢ = hay log,b.log,c =log,c.
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Chitng minh
That vay, ta c6 ¢ = b'°%°, tir d6

log, ¢ = log,(b'®°) = log, c.log,, b.
Vib #1nénlog,b+#0,dodo

Tir cong thic déi co s6 cta logarit, v6i ¢ = a, ta suy ra

HE QUA 1

Vé6i a va b 1a hai s6 duong khac 1, ta c6

log, b = hay log, b.log,a =1.

log;, a

Ciing trong cong thiic déi co s6 d6, v6i b = a* (a#0), taco

HE QUA 2

Véi a la s6 duong khéac 1, ¢ 1a s6 duong va o # 0, ta co

1
logaa c= E.loga c.

Vidus. log, (10g3 4.log, 3) = log, (210g3 2.log, 3) =log,2 = logz,z 2
4 4 4

1 1

2
3
Tim x, biét logz x +1ogg x = >

Nhdn xét. Nho cong thiic d6i co s6 cla logarit, khi biét logarit co s6 a, ta c6
thé tinh duoc logarit co s6 bat ki. Chang han, ta c6 thé tinh duogc céc logarit
co's0 2, coso 3, . .. theo logarit co s6 10.
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Logarit thap phan va ing dung

Trong thuc hanh ta hay dung hé dém thap phan (hé¢ d€m co s6 10) ; chinh vi vay
logarit thap phan (16garit co s6 10) chi€m mot vi tri quan trong trong tinh toan.
Nam 1617 nguoi ta da xay dung dugc bang logarit thap phan dé tim gid tri gan
ding logarit thap phan ctia mot s6 thuc duong bat ki (xem bai Em ¢6 biét
"Vé lich st phat minh logarit va bang 1ogarit" trang 91). Ngay nay thay vi ding
bang, nguoi ta thuong ding may tinh bo tdi.

PINH NGHIA 2
Logarit co s6 10 clia mot s6 duong x duge goi la logarit thap
phan cua x va ki hiéu 1a logx (hoac 1a Igx ).
Logarit thap phan c6 day du cdc tinh chat cta logarit v6i co s6 16n hon 1.

e Tru6c khi c6 may tinh, dé tinh cdc luy thira v6i s6 mii phic tap, ngudi ta
thuong dung phuong phap "logarit hod" véi 16garit co s6 10 va céc tinh toan
duoc thuc hién nho bang s6.

Vi du 6. Dé tinh 2,12 ngudi ta 1am nhu sau :
— Tinh log2,13?

log2,13? = 3,210g2,1 ~ 1,0311 ;
— Tird6 suy ra 2,1>% ~ 10" x 10,7424 . O
e Ngudi ta con dung phuong phép "logarit hod" va cac tinh chat clia logarit dé
giai quyét mot so bai toan lién quan dén luy thura.
Vidu7
Mot ngudi gli 6 triéu dong vao ngan hang theo thé thic 14i kép, ki han 1 nam
v6i 131 sudt 7,56% mot nam. Hoi sau bao nhiéu nam nguoi gui s€ cd it nhat
12 triéu dong tir s6 tién gii ban dau (gia st 1ai suat khong thay déi) ?
Gidi
Theo cong thic 13i kép C = A(1 + r)" , sau N nam giri, ngudi glii s& ¢6 mot
sO tién la

6(1 +0,0756)"
Tu d6, ta phai tim N sao cho
12 =6(1 +0,0756) ™. (1)



Lay logarit thap phan hai vé clia dang thic (1), ta duoc
log12=log6 + N log1,0756.

_ logl2 —log6 _

S ~9,51.
ty ra logL0756 = >

Vay sau khoang 10 nam ngudi gui s€ ¢6 it nhat 12 triéu dong tir s6 von 6 triéu
dong ban dau.

e RS rang khi x = 10" thi logx = n. Con v6i s6 x > 1 tuy ¥, viét x trong hé
thap phan thi s6 cac chit s6 ding truéc diu phay cua x 1a n + 1, trong d6 n la
phan nguyén cua logx, n = [logx].

That vay, vi 10" 12 s6 tu nhién bé nhit c6 n + 1 chit s6 nén s6 cac chit s6
ding truc ddu phay cha x bing n + 1 khi va chi khi 10" < x < 10""!, tic 1a
n <logx <n+1 ;diéunay ching to n = [logx].

Vi du 8. Dé tim s6 céc chit s6 cha 22°% khi viet trong hé thap phan nguoi ta
lay gia tri gan ding cta log?2 1a 0,3010 va duoc

[2008.10g2] + 1 = [2008.0,3010] + 1 = [604,408] + 1 = 605.
Vay s6 2209 ¢6 605 chit s6.

Khi viét 21000 trong hé thdp phén ta dugc mét s6 c6 bao nhiéu chit s6 ?
(18y gia tri gan dung cda log?2 la 0,3010).

Cau hadi va bai tap
23. Chon khéng dinh ding trong céc khang dinh sau :
a) Co s6 cua logarit 1a mot s6 thuc bat ki ;
b) Co s6 cua logarit phai la s6 nguyén ;
c) Co so cta l6garit phai la s6 nguyén duong ;
d) Co s6 cua logarit phai la s6 duong khac 1.
24. Trong cé4c khang dinh sau day, khing dinh nao ding, khing dinh no sai ?
a) C6 logarit cua mot s6 thuc bat ki.
b) Chi c6 logarit ciia mot s6 thuc duong.
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25.

26.

27.

28.

29.

30.

31.

90

¢) Chi c¢6 logarit ciia mot s6 thuc duong khac 1.

d) Chi c6 logarit cia mot s6 thuc 16n hon 1.

Dién thém vé& con lai cla diang thic va bd sung diéu kién dé c6 ding

thic ding.

a) log,(xy) =...;

c) log, x* =...;

o

b)..=log,x—log,y ;

d) aloga b _

Trong mdi ménh dé sau, hay tim diéu kién clia a dé c6 ménh dé ding :

a) log,x <log,y ©0<x<y;

b) log, x <log,y < x>y >0.

Hay tim logarit ciia moi s6 sau theo co s6 3 :

3; 81;

Tinh log, 125 ;
5

Tinh 3'°%:18 .

Tim x, biét

a) logsx =4 ;

¥ s

1
log) s 3 )

35 10g3 2 .

¢) logy(x +2) =3

Biéu thi cdc logarit sau day theo logarit thap phan (rdi cho két qua bang mdy

2

1
33"

1

10g1@§
7

[

1

8

jlogz 5

b) log,(5—x) =3

d) log; (0,5 + x) = —1.

6

tinh, l1am tron dén chit s6 thap phan thi hai) :

log, 25

logs8 ;

logy 0,75 ;

log751,13.

log, 36.
6

(

1

32
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VE LICH SU PHAT MINH LOGARIT VA BANG LOGARIT

Logarit 1a phat minh cla Né-pe (J. Napier hay J. Neper
1550 - 1617) — mét dién chd va nha than hoc ngudi
Xcot-len. Né-pe bi toan hoc 16i cuén va 6ng coi toan hoc
la niém vui gidi tri cda minh. Trong vong 20 nam troi,
nhiing Itc ranh réi, Né-pe da phat trién Ii thuyét l6garit va
ong da trinh bay van dé nay trong mét cudn sach viét
bang chit La-tinh in nam 1614 véi dau dé "M6 ta mot
bang légarit ki diéu" (tir "légarit” c6 géc la nhiing tir Hi lap :
logos nghia I3 ti 1&, arithmos nghia 1a s6). Ong hi vong
phat minh cla minh sé& giup don gidn hoa nhiéu phép
tinh trong thién van, dé 1a nhiing phép tinh doi hdi nhiéu
cong s(ic va thai gian.

John Napier
(1550 — 1617)

Thuc t€, l6garit clia Né-pe da lam cudc cach mang trong thién van va trong nhiéu
linh vuc toan hoc bang cach thay thé viéc thuc hién "phép tinh nhan, chia, tinh can
bac hai, can bac ba clia nhiing s6 16n ma bén canh viéc tiéu phi thai gian mét cach
té nhat, ngudi ta con hay bi nham Ian" bang thuc hién cac phép tinh cong, trir don
gidn nhiing s6 tuong Gng. Phat minh cla Né-pe Ia mdt phuong thic tiét kiém thoi
gian dang ké.

M6t s& nha st hoc coi rang viéc st dung légarit d€ don gidn cac phép tinh da gitp
nha thién van ngudi Dlc Gié-han Ké-ple (J. Kepler) phat hién ba quy luat chuyén
dong cla hanh tinh ma diéu nay lai gitp nha vat Ii ngudi Anh Niu-ton (. Newton)
phat hién li thuyét hap dan. Sau phat minh cia Né-pe 200 ndm, nha toan hoc Phap
La-pla-xo (P. Laplace viét rang : Loégarit, badng cach gidm b6t coéng siic tinh toan, da
kéo dai tudi tho ga&p hai lan cho cac nha thién van.

Céac béang lbgarit ban dau cla Né-pe con nhiéu khiém khuyét. Mét nha toan hoc
ngudi Anh 1a Hen-ry Bric (H. Briggs) doc céng trinh clla Né-pe (bang chi La-tinh)
ngay sau khi né dudc cong b, lap tic thdy dudc y nghia cla phat minh ki diéu nay.
Bric viét thu cho Né-pe dé nghi gap gd trao d8i va néu ra nhiéu cai tién cho phat
minh d6. Hai nha toan hoc gap nhau vao mlua hé nam 1615. Bric dé nghi dinh nghia
lai 16garit thap phan (I6garit co s6 10). Thuc ra, Né-pe c6 nghi dén ding co sé 10
nhung da khéng da slc lam nén cac bang mdi. Né-pe dé nghi Bric xay dung cac
bang nhu thé.

Sau d6 hai nam, cac bang légarit thap phan dau tién da dugc Bric xay dung. Né-pe
méat nam 1617 trudc khi Bric hoan thanh cac bang dé6. Nhiéu nha toan hoc da tiép
tuc xay dung cac bang légarit thap phan trong d6 c6 bang clia Bra-di-xo ma ngay
nay ching ta van con dung.
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33.

34.
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Khi viét s6 thap phan duong a dudi dang ki hiéu khoa hoc a = a.10", véi
1<a<10,neZ thi

loga=loga +n. (1)

Nhu vay, chi can biét loga véi moi o thudc [ 1 ; 10) thi sé& tinh dugc légarit thap
phan clia mot sé thap phan duong bét ki. Ngudi ta goi log a trong (1) 1a phan dinh
tri, n 1a phan dac tinh cla loga. Trong cac bang s6, ngudi ta cho san gia tri
gan dang phan dinh tri loga . Bang cla Bra-di-xd cho loga véi bén chir s6
thap phan.
Vi du. Cho biét log 2,319 ~ 0,3653. Tinh log23,19 va log0,2319.
Gidi
log23,19 = log(2,319.10) = log 2,319+ 1 = 0,3653 +1 =1,3653 ;
10g0,2319 = log(2,319.107") = 10g 2,319 1

~ (0,3653-1=-0,6347.

Luyén tap
Hay tinh :
a) logg 12 — logg 15 + logg 20 ; b) %log7 36 — log; 14 — 3log; Y21 ;
logs36 —logs12 : d) 361085 4 (ol-le2 _ glom3
logs 9
Hay so sanh :
a) logs 4 va 10g4% : b) 3108611 yy 71086099
Khong duing bang s6 va may tinh, hdy so sanh :
a) log2 + log3 va6i logs ; b) logl12 —log5 véi log7 ;
c) 3log?2 + log3 véi 2logs ; d)1 + 2log3 vé6i log27.
Trong moéi truong hop sau, hdy tinh log, x, biét log, b = 3, log,c = -2 :
43
a)x:a3b2\/z; b)x:ag/g.
¢



36.

37.

38.

39.

40.

41.

Trong mdi trudng hop sau, hay tim x :

a) logy x = 4logya + 7log; b ; b) logsx = 2logsa — 3logs b.
Hay biéu dién cdc logarit sau qua a va f3:

a) logﬁSO,né'u log;15 = a, log;10 =

b) log, 1250, néu log, 5 = a.

Don gian cdc biéu thic sau :

1 1 4 1 3. 9
a) 10g§+§10g4+410g\/§ ; b) log§+§10g36+510g5 ;
c) log72 — 210};225—76 + log+/108 ; d) log% —10g0,375 + 210g+/0,5625 .
Tim x, biét :
a) log, 27 =3 ; b) logx% =-1; c) logx\/g = -4

S6 nguyeén t6 dang M, = 2P —1, trong d6 p 1a mot s6 nguyén t6 duoc goi la
sO nguyén t6 Mec-xen (M. Mersenne, 1588 — 1648, nguoi Phap).

O-le phat hién M3, nam 1750.

Luy-ca (E. Lucas, 1842 - 1891, nguoi Phap) phat hién M,; nam 1876.

Hoi rang néu viét ba s6 d6 trong hé thap phan thi méi s6 c6 bao nhiéu chit s6 ?
(Dé thay rang s6 chit s6 cia 2” — 1 bang s6 chit s6 ctia 2” va dé tinh s6 chit
s6 clia M,,; c6 thé 1ay log2~ 0,30 va dé tinh s6 chif s6 clia M,39g569 €O thé
lay log2 ~ 0,30103 (xem vi du 8)).

Mot ngudi glii 15 triéu dong vao ngan hang theo thé thiic 13i kép ki han mot
quy v6i 1ai suat 1,65% mot quy. Hoi sau bao lau nguoi dé cé duoc it nhat
20 triéu dong (ca von 1an 1ai) tir s6 von ban dau ? (Gia su lai suat khong
thay doi).
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SO e VA LOGARIT TU NHIEN

Cho dén bay gio, duong nhu 7 1a s6 voO ti quan trong nhdt ma ta biét dén.
Trong bai nay, ta s& duoc biét thém mot s6 vo ti cling quan trong khong kém,
1 X
dé la so e. So e 1a gi6i han lim (1 + —J , xap xi bang 2,718281828... ; nd
X—>+0 X
xudt hién mot cach tu nhién trong Todn hoc, cling nhu trong doi séng. Chinh
vi vay logarit co s e con dugc goi la logarit tu nhién. Trong cdc mdy tinh bo
tdi, ngudi ta déu thiét k& cac phim bam cho phép tinh gid tri ctia cdc biéu thic

e’ va log, x (con ki hiéu 1a Inx).

Lai kép lién tuc va sé e

Ta da biét : Néu dem gui ngan hang mot s6 von ban dau 1a A véi 1ai suat moi
nam 1a r theo thé thiic 13i kép thi sau N nam gti s6 tién thu vé ca von 1an 14i s&
a A+ )V,

Gia st ta chia méi nam thanh m ki dé tinh 1ai va giit nguyén 1ai suat méi nam

N S 1Rt A o151y U8 e e < N
l1a r thi 1ai suat moi ki 1a — va so6 tién thu duoc sau N nam (hay sau Nm ki)
m

’ Nm
la A(l + —) .
m

EI Cho A = 100 triéu déng, r = 8% nam, N = 2. Dung may tinh bé tui tinh sé tién
thu dugc cé vén I4an 1ai sau 2 nam theo céc dinh ki sau day :

m=1(dinh kinam);  m =2 (dinh ki 6 thang) ;
m=4 (dinhkiquy) ;  m =12 (dinh ki thang) ;
m =52 (dinh ki tudn) ;  m = 365 (dinh ki ngay).
Hién nhién khi ting s6 ki m trong mot nam thi s6 tién thu duoc sau N nim

(tic Nm ki) ciing tang theo. Tuy nhién nhu ta thiy sau day, n6 khong thé ting
lén vo han duoc.



That vay, xét giGi han ctia day so6 sau (trong do6 A, r, N 1a c6 dinh)
’ Nm
Sm = A(l + %j .

Ta co

r Nm 1
:A(l+ j =Al|l+— . (D)

Dé xét gi6i han chia ddy (1), can xét gi6i han

. 1
Iim |1+ —
m—>+o0 ﬁ
r

Mot cdch téng quat , ta xét giGi han

1 X
lim (1 +—j .
X—>+00 X

Nguoi ta chiing minh dugc gidi han trén ton tai, né 1a mot s6 vo ti co gia tri
bing 2,718281828... va dugc ki hiéu la e. Vay

X
e = lim (1 + lj ~ 2,7183. 2)
X—>+00 X
T (1) va (2), nguoi ta suy ra limS,, = AeM . O

e Thé thiic tinh 13i khi m — +oo goi 12 thé thitc Idi kép lién tuc.

Nhu vay vé6i s6 von ban dau 1a A, theo thé thite 1ai kép lién tuc, 13i sudt mdi
nam 1a r thi sau N nam sd tién thu duoc ca von 1an 13i sé 1a

S = Ae. 3)
Cong thiic (3) duoc goi la cong thiic lai kép lién tuc.
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Vi du 1. Vi s6 von 100 triéu dong glri vao ngan hang theo thé thiic 1ai kép
lién tuc, 1di suat 8% nam thi sau 2 nam so tién thu vé ca von 1an 1ai s€ la
100.e>%% ~ 117,351087  (triéu déng). O
e Nhiéu hién tugng tang trudng (hodc suy gidm) clia tu nhién va xa hoi, chang
han su tang dan s6, cling dugc udc tinh theo cong thic (3). Vi vay cong thic (3)
con duoc goi 1a cong thiic tdang truong mi.
Vi du 2. Su tang dan s6 duogc udc tinh theo cong thic (3), trong d6 A 1a dan
sO cua nam 1dy lam moc tinh, S la dan s6 sau N nam, r la ti 1é tang dan so
hang nam (xem bai doc thém "Su tang trudng (hay suy giam) md" trang 110).
Biét rang ti ¢ tang dan so th€ giéi hang nam 1a 1,32%, nam 1998 dan s6 thé
gidi vao khoang 5926,5 triéu nguoi. Khi d6 du dodn dan s6 thé giéi nam 2008
(10 nam sau) s€ la

5926,5.'000132 ~ 6762,8 (trieu ngudi).

Logarit tu nhién

DINH NGHIA

Logarit co s6 e cia mot s6 duong a dugc goi 1a logarit tw nhién

(hay logarit Né-pe) cua so6 @ va ki hiéu 1a Ina.
Logarit tu nhién c¢6 day du cac tinh chit cta logarit véi co s6 16n hon 1.

@ a) Dung cong thitc doi ca s6, hdy so sanh logx va Inx tuy theo céac gia tri cla x.

-3
b) Tinh gia trj cda bidu thirc loge? ™10 _injologe”

Vi du 3. Biét rang nam 2001, dan s¢ Viét Nam 1a 78685800 nguoi va ti 1¢ tang
dan s6 nam d6 1a 1,7% va su tang dan s6 dugc udc tinh theo cong thiic (3).
Hoi ctt tang dan s6 vdi ti 1é€ nhu vay thi dén nam nao dan s6 nudc ta & mic
100 triéu nguoi ?
Gidi. Theo bai ra, ta co

100 = 78,6858.e"7'7". (*)
LAy logarit tu nhién hai v€ ctia (*) ta dugc

In100 = ln(78,6858.e0’017N )
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43.

44.
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46.

Tir d6 suy ra
In100 — In78,6858 14
0,017 T

Vay néu cit tang dan s6 véi ti 1& hang nam 1a 1,7% thi dén nam 2015 dan s6
nudce ta s€ & mitc 100 triéu nguoi.

N =

Cau hoi va hai tap
Tim sai 1am trong lap luan sau :
Ta c6 Ine” =2Ine =2.1=2 va In(2e) = Ine + Ine =1+4+1=2. Tu do suy

ra e’ =2e,maez0néne=2"

Biéu dién cac so sau day theo a = In2, b =In5 :

16 1 2 98 99
In500 ; 1n2—5 ;In6,25 ; lni + ln§ +..+ ln® + lnm-
Ching minh

%111(3 +242) —4In(\/2 + 1) - %m(\ﬁ ~1)=0.

Su tang trudng clia mot loai vi khuén tuan theo cong thitic S = A.e”, trong d6
A 1a s6 luong vi khuén ban déu, r 12 ti 1¢ tang trudng (> 0), ¢ 12 thoi gian ting
trudng. Biét rang s6 lugng vi khuin ban dau 1a 100 con va sau 5 gid ¢
300 con. Hoi sau 10 gid' c¢6 bao nhiéu con vi khudn ? Sau bao lau s luong vi
khuén ban diu sé& tang gap doi ?

Cho biét chu ki ban huy clia chat phong xa plutoni Pu® 1a 24360 nam (tic 1a

239

mot lugng Pu”" sau 24360 nam phan huy thi chi con lai mot nira). Su phan

huy duoc tinh theo cong thitc S = Ae’”, trong d6 A 1a luong chét phong xa ban
dau, r 1a ti 1& phan huy hang nam (r < 0), ¢ 1a thoi gian phan huy, S 1a lugng

239

con lai sau thoi gian phan huy ¢. Hoéi 10 gam Pu~" sau bao nhiéu nam phéan

huy s€ con 1 gam ?
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SU DUNG MAY TiNH BO TUI BE TiNH LUY THUA
VA LOGARIT

C6 thé dung may tinh b tdi, chdng han may tinh CASIO fx - 500 MS, dé tinh luy thira
clia 10, clia e ciling nhu I6garit thap phan va Idgarit tu nhién clia mét s6.
Vidu 1. Tinh log5,63.

Pé tinh log 5,63, ta &n Ian luot cac phim sau :

llog] 5[] 63 [<].

Khi d6, trén man hinh hién sé
0.750508394.
NE&u lam tron dén chit s6 thap phan thir tu thi
log5,63 = 0,7505.

Vi du 2. Tinh 107213,

P& tinh 107>!3, ta &n Ian lugt cac phim sau :

213
Khi d6, trén man hinh hién s6
7.413102413 x 10 2,
NEu lam tron dén chir s6 thap phan th tu thi
102" % 0,0074.
Vi du 3. Tinh In 4,83.
P& tinh In 4,83, ta &n |an luct cac phim sau :
41]83[4.

Trén man hinh hién s6
1.574846468.

NE&u lam tron dén chir s6 thap phan th tu thi
In4,83 ~ 1,5748.

Vidu 4. Tinh e¥3.

Dé tinh e\/g , ta &n Ian luot cac phim sau :

st ] [V 5 2.



Trén man hinh hién s6
9.356469017.
NEu lam tron dén chir s6 thap phan th tu thi

V5 < 9.3565.

Coa,b/"‘
S e

LOGARIT TRONG MOT SO CONG THUC PO LUONG

a) bo pH trong hoa hoc

e Trong mbi dung dich, néng do6 ion hidrd [H3O+] dac trung cho tinh axit, néng do
hidroxyn [OH ] d&c trung cho tinh bazo (kiém), (néng dé tinh bang mol/l).

3 25°C, tich [H;07] x [OH ] Ia mét hing s6 va bang 10 '* (d6i v6i moi dung dich).
Nuéc tinh khiét & 25°C c6 [H3O+] =[OH ] =10 . Néu néng do [H3O+] I6n hon
10”7 thi dung dich c6 tinh axit, néng d6 [H;0%] nhd hon 1077 thi dung dich c6
tinh kiém.

Vi cac néng dd nay la nhiing s6 rat nhd nén dé dac trung tinh axit (tinh bazo) cla
mot dung dich, ngudi ta xét chi s6 (hay do) pH,

pH = — log[H30].

(pH 1a chir dau cGia nhém tir "potential of hydrogen" cé nghia la tiém luc cla hidré).
Nhu vay

pH < 7 no6i 1&n rang dung dich c6 tinh axit ;
pH > 7 néi Ién rang dung dich ¢6 tinh bazo ;
pH =7 chlng té dung dich la trung tinh.
Vidu
Bia c6 [H30"] = 0,00008, do d6 c6 d6 pH Ia
pH = —-1og 0,00008 =5 —log 8 < 7.
Rugu c6 [H30'] = 0,0004, do d6 c6 d6 pH Ia
pH = —10g0,0004 =4 —log4 < 7.
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Nhu vay, bia va rugu déu cé tinh axit, nhung tinh axit cla rugu 16n hon tinh axit
clia bia.

e Trong thuc t&, nganh thd nhudng rat quan tam dén d6 pH cla mét ving dat dé tim
ra bién phap cai tao dat va chon giéng cay trong thich hop.
b) D6 chan dong trong dia vat li

e DO chan dong M cla moét dia chan bién do I dugc do trong thang do Richte
(C. F. Richter, nha dia vat li Mi, 1900 — 1985) xac dinh bdi

M=lni
0

(I, la bién do cla dao dong bé hon 1um trén may do dia chan, d&t cach tam dia
chan 100km, /,, dugc I8y l1am chuan).
« 3 3 d6 Richte, dia chan chi c6 anh hudng trong mét viing dién tich nhd ; & 4 dén 5
do6 Richte, dia chan gay mét s6 thiét hai nhé ; & 6 dén 8 do Richte, dia chdn gay mot
s0 thiét hai 16n ; 3 9 d6 Richte, thiét hai la cuc ki I6n.
e Nang luong gidi tod E tai tam dia chan 8 M d6 Richte dugc xac dinh xap xi bdi
cong thirc

logE=11,4+1,5M .
T d6, chdng han, & 8 do Richte, dia chdn c6 nang ludng gidi tod gap khoang
30000 lan dia chdn & 5 d6 Richte (dia chan 6 5 d6 Richte c6 nang ludng gidi toa
khoang 2.10"8 jun).

c) Pd to nhoé cia am

DPé dic trung cho d6 to nhd clia am, ngudi ta dua ra khai niém muc cudong dé cla
&m. M6t don vi thudng dung dé do mic cudng do clia am la déxiben (viét tit [a dB)
(G. Bell, 1847 — 1922, nha vat Ii Mi géc Anh).

MUc cudng do L clia &m dudc tinh theo cong thiic :
L(dB)=10log -,
Iy

trong d6 I l1a cudng d6 cla am, tlc la nang lugng truyén di bdi sdng am trong
mot don vi thoi gian va qua mét don vi dién tich bé mat vuéng goc véi phuong

2

séng truyén (don vi do la W/m2) ; Ip la cuong d6 cla am & ngudng nghe
(1o =10712 W/m2). Coéng thic trén cho thdy : Khi cudng d6 cla am tang lén
10%, 10°, ... 1An thi c&m giac vé do to nhd cdia 4m tang 16n gap 2, 3, ... an.

Chu y rang néu thudng xuyén nghe tiéng 6n khoang 90dB thi c6 nguy cd bi gidm
thinh luc, thAm chi bi diéc (xem bai tap 52 tr. 112).



S

E S HAM SO MU VA HAM SO LOGARIT

Trong bai nay, ta luon gia thi€t a 1a mot s6 duong va khac 1 (0 <a # 1) da

cho, J 1a mot khoang hay hop ctia nhiéu khoang nao do.

Khai niém ham s6 mii va ham so logarit

Tu dinh nghia lu¥ thira va 16garit, ta thay :

e V6i mbi gid tri thuc clia x, ta ludn xdc dinh duoc mot gid tri @' (duy nhat).

e V6i moi gid tri thuc duong cua x, ta luon xdc dinh dugc mot gid tri log,x

(duy nhat).

Tir d6, ta c6 ham s6 y = @ xdc dinh trén R va ham s6 y = log,x xdc dinh trén
%

R, =(0; +o0).

DINH NGHIA

Gia str @ 1a mot s6 duong va khac 1.

Ham s6 dang y = a* dugc goi 1a ham s6 mii co s6 a.

Ham s6 dang y = log,x dugc goi 1a ham so'logarit co s6 a.
Khi khong can nhian manh co s6, ham s6 mil co s6 a con goi tat 1a ham so
mi" ; ham s6 logarit co s6 a con goi tat 1a ham s6 logarit.
Ta ciing ding ki hiéu y = logx (hodc 1gx) dé chi ham s6 16garit co s6 10 va ki
hiéu y = Inx dé chi ham s6 16garit co s6 e. Trong nhiéu tai liéu, ham s6 y = "
con dugc ki hiéu la y = exp(x).

Mot so giéi han lién quan dén ham s6 mii va ham soé logarit
a) Ta thita nhan ring cdc ham s6 y = @' va y = log,x lién tuc tai moi diém ma
no x4c dinh, tuc la
VxpeR, lim a* =a',
x—)xo

Vxpe ]Rj, lim log, x = log, x,.
X—)XO

(1) C6 tai liéu coi ham s6 mii 1a ham s6 c6 dang y = ka”, trong d6 k 14 hing s6 khéc 0.
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EI Tim cac gidi han sau :

1

a) Lim ex ; b) lim log, x ; ¢) lim log
X—>+00 x—8 x—0

sin x

X

t t
b) Ta da biét lim (1+%) =e. Ngoai ra ta con c6 lim (1+%} =e. Tu do,

t—>+00 t—>—0
s p O 1
bang cach doi bién (dat o= x) ta duoc

1
lim (1+x)x =e. (1
x—0

Str dung (1), ta dé dang chiing minh duoc hai gidi han quan trong sau day.

DINH LI 1
lim A+ )
x—0 X
x —
lim <=1 _ 1, 3)
x—>0 X
Chitng minh. Ta co.
In(l+x) 1 !

P xln(1+x) = 1n(1+x)X.
1

Khi x dan dén 0O thi (1 + x)? — e nén do tinh lién tuc cua ham s6 logarit,
ta co

1
limM = lim ln(l + x)§ = Ine = 1.
x—0 X x—0

Vay (2) dugc chitng minh.
DPé ching minh (3), ta datt=¢" — 1. Khi d6 ta c6 x = In(1 + £), vd x — 0 khi
va chi khi # — 0 . Do d6

x _ _]
fim &=L = fim— = fjm[ D)y
x—0 X t—»oIn(l+17) 50 t
Vay (3) dugc ching minh. O
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3. Pao ham cua ham s6 mii va ham so logarit

Du6i day, chiing ta s& ching to ring ham s6 mil va ham s6 logarit c6 dao ham
tai moi diém ma né x4c dinh.

a) Pao ham cua ham s6 mii

DINH Li 2

N A X z N . . R N
a) Ham s6 y = a” c6 dao ham tai moi diém x € R va
X

(ax) =da’" Ina ; néi riéng ta cé (ex) =e

b) Néu ham s6 u = u(x) c6 dao ham trén J thi ham s6

y = a" c6 dao ham trén J va

(a”(x) ) =u'(x)a"" Ina ; néi riéng ta c6 (e”(x) ) = u'(x)e"™

Chitng minh

a) Trudc hét ta xét ham s6 y = e'. Gia st x 1a mot s6 tuy y. Ki hiéu Ax 1a s6
gia ctia bién sO tai x va Ay 1a s gia ctia ham s6 tuong Gng véi no, ta co

Ay =™ _e¥= ex(eM —1).

. Ay . e'(e c.oeTr =1
lim — = lim =¢ lim —— = ¢ (theo (3)).
Ax—>0AX  Ax—0 Ax Ax—0  Ax ( )

Vay (ex ) =¢" v6i moi x.

PERPTIIN ~ X P Ina”* (1 A A P N
Doi véiham s6 y=a', tacé a* =e"? =" nén theo cong thiic dao ham

ctia ham s6 hop, ta c6
(ax)' = (exma)'= e (xIna)' =a"Ina (véi moix € R).

b) K&t luan nay suy ra tir phan a) ctia dinh Ii va cong thic dao ham cua ham
s0 hap. O
Vidul. Véiy= (" + 1)e", tacé

Y=+ D e+ 0+ DE) =2+ + et =+ 1)
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@ Tim dao ham cda méi ham sé sau :
a y=(x + 1)€2x ; b) y= e\/; Sinx.

b) Pao ham cua ham so logarit

DINH LI 3

a) Ham s6 y = log,,x ¢6 dao ham tai moi di€ém x > 0 va

(log,x)' = )CI—LG ; nOi riéng ta c6 (Inx)' = %
b) Néu ham s6 u# = u(x) nhan gia tri duong va c6 dao ham trén
J thi ham s6 y = log,u(x) c6 dao ham trén J va
u'(x)
u(x) -

u'(x)
u(x)Ilna

(loga u(x))’ = ; noi riéng ta co (Inu(x))' =

Chitng minh
a) Trudc hét ta xét ham s6 y = Inx. Gia s x 1a mot s6 duong tuy y. Ki hiéu Ax

la s6 gia cua bién so tai x va Ay 1a s6 gia ciia ham s6 tuong tng véi no, ta c

Ay = In(x +Ax) — Inx = In 252 :1n(1+ﬂ}
X X

\ 1n(1+—“] 11n(1+—ij 1
X X
4 im—— "7 - |ijm —— 7 _ —~ (theo (2)).

A—0AX  Ax—0 Ax Ar—0 X Ax
X

r . .
Vay (Inx)' = < v6éi moi x > 0.

bai v6i ham s6 y = log,x, ta c6

(v6i moi x > 0).

(log,2)' = (m—xj =L o =

Ina Ina xlna

b) K&t luan nay suy ra tr phan a) ctia dinh Ii va cong thiic dao ham ctia ham
s0 hop O



Vidu 2. D6i véi ham s6 y = ln(x2 —x+1),taco

P —x+ D) 2x-1

¥ ox+1 W —x+l

‘ i
[H3] ching minh réing [In(-x)]" = — véi moi x < 0.
X

HE QUA

1
a) (1n|x|)' = — v6i moi x # 0.

X
b) Néu ham s6 u = u(x) nhan gia tri khac 0 va ¢c6 dao ham
trén J thi

u'(x)
u(x)

(Infuo]) =

véimoi x € J.

Hé qua nay dugc suy ra tir dinh 1i 3 va két qua cua @ .

4. Su bién thién va do thi cia ham s6 mii va ham so logarit
a)Hamsoy=a"
Ta da biét ham s6 y = " ¢6 tap xéc dinh 12
R . Dé khao sit su bién thién cia nd, ta
can xét ddu ctia dao ham y' = 4" Ina. Do
a' > 0 v6i moi x nén ddu cla y' tring véi
ddu cua Ina. Mit khéc, theo tinh chat cua
logarittacéIna >0khi a>1valna<O0

s,

khi 0 < a < 1. Boi vay, ta xét hai - : —

. : -4  2-1 101 2 4 X
truong hop :
® Truong hop a>1 Hinh 2.1
Trong truong hop nay ta ¢6 Ina > 0 nén y' > 0 véi moi x. Do d6 ham s6 dong
bién trén R .
Ngudi ta con chiing minh duoc ring lim a* = +o0 va

X—>+0
lim a* = 0. 4)

X—>—00
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Gi6i han (4) ching t6 d6 thi cia haim s6 y = 4" c6 tiém can ngang (khi
X — —o0) la truc hoanh.

Ta c6 bang bién thién sau :

X —0 0 +00

X / +00
y=a (a o/

Ham s6 y = ¢ nhan moi gid tri thuoc khoang (0 ; +o0).

Hinh 2.1 thé hién do thi cia ham s6 y = (\/5 )x. D6 thi ctia cdc ham s6 mil v6i

co s6 a > 1 ciing c6 dang twong tu. Chiing c6 chung céc dic diém dang chd y
sau day :

(i) Luon cét truc tung tai diém c6 tung do bang 1 (vi ta ludn c6 = 1;
(ii) Nam hoan toan & phia trén ctia truc hoanh (vi @ > 0 véi moi x).

o Truong hop 0 <a <1

Trong trudng hop nay, ngudi ta cling ching minh duogc ring lim a* =+ va
X—>—0

lim a* = 0. 5)

X—>+0

R

a) Dua vao (5), hdy néu két luan

vé duong tiém can ngang cta dé thi ham so

yzax.

b) Lap bang bién thién ciia ham s6 y = a* véi
O<a<l.

Trén hinh 2.2, dudng nét lién thé hién d6

, |
thi cia ham s6 y = (Ej . Dé thay do thi

ndy ciing ¢6 cdc dac diém (i) va (ii) nhu

trong truong hop a > 1.
& g hop Hinh 2.2
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GHI NHO

Hims6y=a"
* C6 tap xac dinh la R va tap gia tri 1a khoang (0 ; +0) ;
* Pong bién trén R khi a > 1, nghich biéntrén R khiO<a<1;
* C6 do thi :
- Pi qua diém (0 ; 1),
— Nam 6 phia trén truc hoanh,
— Nhan truc hoanh lam tiém can ngang.

Do thi c6 mot trong hai dang néu & hinh 2.3.

Hinh 2.3
b) Ham so y = log,x

Ta da bi€t ham s6 y = log,x ¢6 tap xac dinh la khoang (0 ; +0) va trén khoang

doé n6 c6 dao ham la y' = (1 ‘= .
0 no ¢6 dao ham 1a y' = (logx) “Ina

Tuong tw ham s6 mii, dé xét dau ctia dao ham, ta xét hai trudng hgp : a > 1 va
O<a<l.
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Mot so két qua khao st ham s6 y = log,x dugc ghi lai trong bang sau :

Ham s6 y =log,x v6ia>1

Ham so y =log,x v6i0<a<1

*y' >0 v6éimoix e (0;+x0)
* Ham s6 dong bién trén (0 ; +o0)
va nhan moi gié tri thuoc R

(6)

* lim log, x = -0
x—0"

* lim log, x = 4+
X—>+00

*y'<0v6éimoix e (0;+x0)
* Ham s6 nghich bién trén (0 ; +0)
va nhan moi gié tri thuoc R

(7)

* lim log, x = 40
x—0"

* lim log, x = —©
X—>+0

Céc gidi han (6) va (7) ching to riang trong ca hai truong hop, d6 thi cia ham

56 y = log,x déu c6 tiem can ding (khi x — 0) 1a truc tung.

Trén hinh 2.4, dudong nét lién thé
hién d6 thi cia ham s6 y = log,x
(cac ham so logarit co s6 a véi a > 1
cO dang tuong tu), duong nét dut
thé hién dé thi
sOy = log; x (cdc ham so logarit
2
co 80 a v6i 0 < a < 1 c6 dang tuong
tu).
diém ddng chi y sau :

cia ham

Ching c6 chung nhitng dac

(i) Luon cat truc hoanh tai diém

(1;0) (vilog,1 =0v6imoia);

y

Hinh 2.4

(ii) Nam hoan toan vé bén phai truc tung (vi log,x chi xdc dinh khi x > 0).

El Dua vao bang trén, hay Iap bang bién thién cla ham sé y = log,x trong mbi

trudng hop a > 1 va 0 < a < 1. Kiém nghiém cac tinh chat dugc néu trong bang do

qua do thi hinh 2.5.




GHI NHO

Ham so y = logx
* C6 tap xac dinh la khoang (0 ; +oo) vatap gia trila R ;
* Pong bién trén (0 ; +o0) khi @ > 1, nghich bién trén (0 ; +o)
khiO<a<l1;
* Co do thi
— Pi qua diém (1 ; 0),
— Né&m & bén phai truc tung,
— Nhan tryc tung lam tiém can ding.

Do thi c6 mot trong hai dang néu & hinh 2.5 (dudng lién nét).

Hinh 2.5
Nhdn xét
Néu goi (G,) 1a d6 thi chia ham s6 y = a" T
va (G,) 1a do thi clia ham s6 y = log,x thi
(G)) va (G,) doi xtiing v6i nhau qua duong
phan gidc (/;) cta géc phan tu thit nhat.
That vay, xét diém M(p ; ¢) bat ki, diém
doi xiing v6i M qua (/) 1a diém M'(q ; p),
taco (h.2.5)):

M@p;q) e (G)e qg=d < p=logyg
< M(q;p)e (Gy). Hinh 2.6
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Diéu d6 da chitng minh nhan xét trén. Ta ciing c6 thé kiém nghiém lai nhan
xét nay d6i v6i hai ham s6 y = logyx va y = 2" (h. 2.6) bing cdch gap to gidy
theo duong (/).

SU TANG TRUGNG (HAY SUY GIAM) MU

Thé nao la ting trudng (hay suy giam) mii ?
Trong bai hoc §4, ta da lam quen véi van dé lai kép lién tuc. Trong thuc t€, nhiéu
hién tuong tu nhién, xa héi cé tinh chét tang trudng (hay suy giam) tuong tu nhu van
dé 1ai kép lién tuc, chdng han: van dé tang trudng dan s6, van dé sinh séi cla vi
tring, van dé phan huy cla cac chat phéng xa,... Cac van dé trén dudc goi la van dé
tang trudng (hay suy giam) ma.
Vé thuc chat, su tang trudng (hay suy gidm) mi dudc dac trung bdi mét ham sé ma
dao ham clia n6 tai méi diém déu ti 1& v6i gia tri clla ham s6 tai diém d6 véi hé sé ti
I& khong d8i, tiic 1a ham s& y = f(x) thod méan diéu kién

J'(x) = kf (x) (1)
(xét trén mdt khodng nao dé) trong dd k 1a mét hang sé khac 0 nao dé. S6 k dudc goi
la t7 16 tang trudng khi k > 0 va dudc goi 1a t/1é suy gidm khi k < 0.
Ta sé ching t6 rang ham s8 y = f(x) thoad man diéu kién (1) khi va chi khi né
c6 dang

y = Ce® (v6i C 1a hang s6 tuy ). 2)
That vay, dé thdy ham sé y = Cek* (C 12 hang s8) ludn thod man diéu kién (1).

Ngugc lai, gid sir y = f(x) la ham s& thoa man diéu kién (1).

J(x)

kx
e

Khi d6, néu dat C(x) = ,tcla f(x) = C(x)ekx thi theo (1) ta c6 :

£'(x) = C'(0ek 1+ coke® = €'k 1k (x) = k(0.

TUr dé suy ra C'(x)ek = 0. Ttc1a C'(x) = 0 (v6i moi x thudc khoang dang xét). Vay
C(x) phaila mot hing s6 C nao d6 va do d6 f(x) = Ce*™. |
Dé thdy C la gia tri clia ham s6 f tai x = 0 nén C con dudc goi 1a gia tri ban dau.
Trong cong thic 15i kép lién tuc thi gia tri ban dau chinh 1a s6 vén ban dau gli vao
ngan hang (C = A), k 1a |ai sudt méi nam (k = r) vaxla s6 nam gli (x = N).



47.

Chu ki ban huy (ban ra) cta chat phéng xa

Trong cong thic (2), néu k <0 thiham s6 y = Ce® mo ta su' suy gidm md. Mot vi du
dién hinh cho su suy gidm mii la su phan huy cla cac chat phéng xa.
Gia slr co6 mét lugng chat phong xa ban dau 1a u,, lugng chat phong xa con lai tai
thoi diém ¢ la

u(t) = uoekt
trong d6 k < 0 1a hé s6 suy gidm (trong Vat Ii, s6 |k| goi 1a hang sé phéng xa)
Ta dat up = u(t)) Va uy =u(ty) va xet ti s&

kt

uy  uge 2 B ek(tz—l‘l)

u uoekt1
K&t qua d6 chiing t6 rang ti s gitta hai lugng phong xa con lai tai hai thoi diém ¢, va
#; chi phu thudc vao hiéu s6 t, — t; ma thoi. Biéu d6 cho phép ngudgi ta dua ra mét
khai niém goi 1a chu ki ban huy (ban ra) cta chét phong xa, dé 1a khoang thoi gian
ma lugng chat phdng xa d6 phan huy di chi con lai mot nita. N6i cach khéac, chu ki
ban huy la khoang thdi gian s = 7, —#; sao cho

1
B__ e (3)
2] 2

—In2 —In2 . . . 2 5 N .

Tu(3)tacd s = Tn hay k = —n. Nhu vay, néu biét chu ki ban huy cua mét chat
N

phéng xa thi ta cung tinh dugc hé sé suy glam clia chat phéng xa d6. Chéng han,

chu ki ban huy cla radium 13 1550 nim nén hé s6 suy gidm clia radium la

—In2

= ~ —0,000447.
1550

Gau hoi va hai tap
Khoang 200 nam trudc, hai nha khoa hoc Phap

l1a Clo-zi-ut (R. Clausius) va Cla-pay-rong
(E. Clapeyron) da thay rang dp suat p cla

hoi nuéc (tinh bing milimét thuy ngan, Hoi nuge

viét tat 12 mmHg) gay ra khi n6 chi€ém -

khoang trong phia trén clia mat nuGe chia ST Nuse -

trong mot binh kin (h.2.7) dugc tinh theo T -T- T

cong thiic -
z+§73 Hinh 2.7

p=a.l0
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trong d6 ¢ 1a nhiét do C cua nudc, a va k 1a nhing hing s6. Cho biét
k =~ —2258,624.

a) Tinh a biét ring khi nhiét do ctia nuée 12 100°C thi 4p suat chia hoi nuéc
la 760 mmHg (tinh chinh xdc dén hang phan chuc).

b) Tinh 4p suit clia hoi nuéc khi nhiét do clia nuée 1a 40°C (tinh chinh xac

dén hang phan chuc).
48. Tim céc gidi han sau :
) e2 _ e3x+2 ‘ er _ eSx
a) lm— ; b) lim
x—0 X x—0 X

49. Tim dao ham ctia cadc ham s0 sau :

a)y=(x— e ; byy=x"ve* +1;

c)y:%(ex—e_x); d)y:%(ex+e_x).

50. Trong cac ham s6 sau day, ham s6 nao dong bién, ham s6 nao nghich bién trén R ?

»=[3] =)

51. V& d6 thi ctia cdc ham s0 sau :
X 2 o
a)y=(\/5) ; b)y=(§j :

52. Str dung cong thic L(dB) = 1010gli (xem bai doc thém "Logarit trong mot s6
0
cong thitc do luong" tr.99), hdy tinh gan ding, chinh xac dén hang don vi, do

2, 9 2 .2 s I 2 N LN N N ¢
16n (dB) cua am thanh c6 ti s6 T cho trong bang sau ro1 dién vao cot con trong :

0
STT Loai am thanh % Do 16n (L)
1 Ngudng nghe 1
2 Nhac ém diu 4000
3 Nhac manh phat ra tir loa 6,8. 10°
4 | Tigng mdy bay phan luc 2,3.10"
5 Ngudng dau tai 10"
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53.

54.

5S.

56.

Tim cac gi6i han sau :

2
2) lim In(1 + 3x) : b) lim In(1 + x ).
x—0 X x—0 X
Tim dao ham clia cdc ham s0 sau :
a) y = (3x— 2)ln’x; b)y=va® +1 Iy’
In(x? +1)
©)y=xIn— )y

Trong cdc ham s6 sau day, ham s6 nao dong bién, ham s6 nao nghich bién
trén khoang xac dinh cta né ?

a)y=log, x ; b) y=log,x v6ia=

1
o 33 -+2)

VEé d6 thi cia cdc ham s6 sau :
a)y=logﬁx; b) y = log, x.
3
c08h, .
SN

UGC TiNH DAN SO VIET NAM

Nam 2001, dan s6 nudc ta khoang 78 690 000 ngudi. Theo cong thiic tang trudng
m, néu ti 1& tang dan s& hang nam ludn la 1,7% thi uGc tinh s6 dan Viét Nam x nam
sau s& la 78 690 000.¢""""*

thdy dugc mirc do tang nhanh clia dan so, ta xét ham s6

(nguai) = 7,869.e0’0]7x (chuc triéu ngudi). D& phan nao

fix) =7,869.e2017%,

D6 thi cla ham s6 y =f(x) (h.2.8) cho thay khodng 30 nam sau (tlc la khoang
nam 2031), dan s6 nubc ta sé vao khoang 131 triéu ngudi, tlic 1a tang gap rudi.
Chinh vi vay, d€ dam bao nén kinh t& phat trién bén viing, Pang va Nha nudc ta luén
quan tdm dén van dé dan s6 va ké hoach hoa gia dinh.
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¥ A(chuc triéu nguoi)

~ )

T P

X
0 10 20 30 (nam)
Hinh 2.8a Hinh 2.8b
Do thi ham s6'y = f{x) Hinh dnh phéng to mot phdn cia h.2.8a
HAM SO LUY THUA

Ching ta da hoc cichamso:y=x,y= x2, y= % =x L.D61a nhiing truong
hop riéng cua ham s6 luy thita.

Khai niém ham so luy thira

Ham s6 luy thita 1a ham s6 ¢6 dang y = X%, trong d6 « 12 mot hiang s6 tuy y.
Tir cdc dinh nghia vé luy thira, ta thay

— Ham s6 y =x", v6i n nguyén duong, xdc dinh véi moi x € R.

—Ham s6 y =x", v6i n nguyén am hoac n = 0, xdc dinh v6i moi x # 0.

— Ham s6 y = X%, v6i « khong nguyén, cé tap xac dinh la tap cac so
thuc duong.

Ngudi ta chiing minh duogc rdang ham s6 Iuy thira lién tuc trén tap xéac dinh
ctia no.



CHUY
1
Theo dinh nghia, dang thic Yx =x" chi xay ra néu x > 0. Do do,
1
ham s6 y = x" khong déng nhat véi ham s6 y = ¥x (n e N°).
Chang han, ham s6

y = 3/x 12 ham s6 can bac ba, xdc dinh v6i moi x € R ; con ham s6

1
lu§ thita y = x> chi xdc dinh véi moi x > 0.

2. Pao ham cua ham sé luy thira

-1

Véi n 12 s6 nguyén 16n hon 1, ta da c6 cong thitc (x")' = nx" ~ v6i moi x € R.

Tuong tu, ta c6 cong thic dao ham cua ham s6 luy thira v6i s6 mii thuc

sau day.
DINH LI
a) Ham s6 luy thura y = X (v6i @ € R) c6 dao ham tai moi
diém x >0 va
(xa )' =™,
b) Néu ham s6 u = u(x) nhan gia tri duong va c6 dao ham trén J
thi ham s6 y = u“(x) ciing c6 dao ham trénJ va
(u“(x)) = au® ' (Ou'(x).
Chitng minh

a) V6i moi x > 0, ta c6

(xa)’ = (elnxa)' = oIny” (lnx“)' =x%(alnx)' = ax“.l = a1,

X

b) Két luan nay suy ra tir a) va quy tic dao ham ctia ham s6 hop. O
Vidul

a) (") = (Ot + " ()

T—1 T ) T—1
=nx .0 +x.w.Inw =x T (1 +xlnn).
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b) [(mx)” 2}' = (1++2) (Inx)2 (nay' = (1+¥2) (Inx)'2.

El Chug minh réng véin nguyén va n<1 tacé (x")' = nx"~

==

U vei moi x #0.
CHUY

a) Ap dung dinh I trén, ta d& dang chitng minh cong thitc dao ham
clia ham s6 can bac n sau day :

(W) = nJi—l

(v6i moi x > 0 néu n chan, véi moi x # 0 néu n 1€).

b) Néu u = u(x) 12 ham s6 c¢6 dao ham trén J va thoa man diéu kién
u(x) > 0 v6i moi x € J khi n chan, u(x) # 0 v6i moi x € J khi n
1¢ thi

(”u(x))' = u (%) (vé6imoix e J).
nk Mn—l(x)
Vidu 2. (m), _ (sin3x)" _ cos3x

¥fsinzn?  Ysin? 3

EI Tim dao ham cia ham s6y = Ve** +1 .

3. Vai nét vé su bién thién va do thi ciia ham so luy thira

116

O day, ta chi xét cdc ham s6 luy thira
dang y = x% v6i a # 0 va véi tap xéc
dinh 1a (0 ; +o0).

Tt cong thiic (x“ )' = a7, ta suy

ra ham s6 y = X dong bién trén khoang
(0 ; +o0) néu a > 0 va nghich bién trén
khoang (0 ; +0) néu < 0. Hinh 2.9 thé
hién d6 thi cia mot s6 ham s6 luy thira
trén khoang (0 ; 4+00).
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Hinh 2.9



Nhdn xét. Do 1% = 1 v6i moi a nén dé thi clia mo
diém (1; 1).

Cau hai va bai tap

57. Trén hinh 2.10 cho hai duong cong (Cy)
(dudng nét 1ién) va (C,) (dudng nét dit)
duoc vé& trén cling mot mat phang toa do.
Biét ring mo6i dudng cong dy la do
thi cia mot trong hai ham s6 luy thiura

1

y=x7 va y:x_E (x > 0). Chi dua

i ham s6 luy thira déu di qua

vao tinh chét cta Iu§ thira, c6 thé nhan
biét duong cong nao la do thi cia ham so
nao duoc khong ? Hay néu ro 1ap luan.

58. Tim dao ham ctia cac ham s sau :

Hinh 2.10

a)y=(2x+1)n; b)y:\/51n35x;

31+x3 x\'(a b .
c)y= | 3 d)y= R véia>0, b>0.
- X

Luyén tap

59. Tinh gi4 tri gin ding dao hAm clia m6i ham s6 sau tai diém da cho (chinh xdc

dén hang phan tram) :

: . T 2%
a) y = logs(sinx) ta1x=z ; b)y=—2 tai x = 1.

X

60. a) Chiing minh ring dé thi cia hai ham s6 y = "

nhau qua truc tung (h.2.2 véia=2).

1 X
vay = (;) doi xing véi
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b) Chiing minh rang do thi cta hai ham s6 y = log,x vay = log, x doi xing
a
v6i nhau qua truc hoanh (h.2.4 véia=2).

61. V& do thi clia ham s6 y = log, sx. Dua vao d6 thi, hay gidi cdc bat phuong
trinh sau :

a) logysx >0 ; b) -3 <logysx <-—1.

62. V& d6 thi cia ham s6 y = (\/5 ) Dua vao dé thi, hiy giai cdc bt phuong

trinh sau :

a) (\/5) <1: b) (JE)X >3

§ ; PHUONG TRINH MU VA LOGARIT

Trén thuc t&, nhiéu bai todn din dén viec gidi phuong trinh dang @' = m hoac
log,x = m, trong d6 m va a la nhiing so6 cho truéc véi 0 < a # 1. D6 1a nhiing
dang don gian cua phuong trinh mii va phuong trinh légarit.

Trong bai nay, ta van gia thiét a 1a mot so cho trudc, duong va khac 1.

1. Phuong trinh co ban

e Phuiong trinh mii co bdn c6 dang a* = m, y T
trong d6 m 1a s6 da cho. Phuong trinh ndy ~ y— N /
x4c dinh v6i moi x. !
|
Dé thay rang khi m < 0, duong thang y = m :
al--— I
khong cit do thi ham s6 y=a"; con khim >0, ] L
I |
dudng thing y = m luon cit d6 thi hamss  ___—| | !
y = d" tai ding mot diém (h.2.11). Do d6 o 1 logam X
Hinh 2.11
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Néu m < 0 thi phuong trinh @* = m vo nghiém ;

Néu m > 0 thi phuong trinh @* = m c6 mot nghiém duy nhat

x =log,m. N61 cich khac,

Vme (0;+x), a =m < x=log,m.

Vidul.2)3'=9 < x=logy9 < x=2;
b)10°'=1 < x=logl < x=0.
El Giai cac phuong trinh sau :

a)2 =8 ; b) ¢ =5.

e Phuong trinh légarit co ban c6
dang log,x = m, trong d6 m 1a s6
da cho. Diéu kién xdc dinh cua
phuong trinh nay la x > 0.

Dé thdy dudng thang y = m luon

cat d6 thi ham s6 y = log,x tai
diing mot diém (h.2.12). Do do Hinh 2.12

Vé6i moi gid tri tuy y cla m, phuong trinh log,x = m ludn c6

mot nghiém duy nhét x = ™. Néi cach khéc,

Vm € (-0 ; + ), log,x =m < x=d".

1
Vidu 2. log2x=%<:>x=22 =2 ;

0

Inx=0& x=¢ ©ox=1.
@ Gidi cac phuong trinh sau :
a) logzx =logs5 ; b) log x = —4.

Tir do hay cho biét nghiém cta phuong trinh log,x = log,p, (p > 0).

119



2. Mot s6 phuwong phap giai phuong trinh mii va logarit

120

a) Phuong phap dua vé cung co so

Trong bai trudc, ta da bi€t cac tinh chat :

) aa=a’6© a=p;

(i)) Néua >0, >0thilog,a=log,f < a=p.
Céc tinh chat d6 cho phép ta giai mot s6 dang phuong trinh mii (hoac phuong

trinh logarit) bang cdch dua cac lu§ thira (hodc cac logarit) trong phuong trinh
vé Iuy thira (hoac logarit) véi cing mot co s0. Sau day 1a mot s6 vi du.

Vi du 3. Giai phuong trinh
9x+1 =272x+1 (1)
Gidi
Nhan xét ring ta c6 thé dua hai v€ ciia phuong trinh vé luy thita clia cing co
s0 3.
gr 12 320+ 1) s 52k 3320+ D)

Do doé
1) o 3D =333D ooty =300+ 1)
S -4x-1=0 & x=—%-
Vay phuong trinh ¢6 nghiém duy nhat x = —%-
Vi du 4. Giai phuong trinh
1 1 _ 2
0g)_ = logl(x —x—1). (2)

X 2
Gidi
Diéu kién xdc dinh cta phuong trinh (2) lax > 0 va P-x-1>0.
Véi diéu kién do, do logzl = log; x nén phuong trinh da cho twong duong
¥ -
2
v6i phuong trinh

log, x = 1og1(x2 —x —1) hay x=xr-x-1.
2 2



Bdi vay, ta c6 thé viét
x>0

5 x>0 x>0
2) ©x-x-1>0 < Rt

5 x=x>—x-1 X —2x-1=0
x=x"-x-1

x>0
= o x=1+/2.
x=1+\/§hoacx=1—\/§
Vay phuong trinh da cho c6 nghiém duy nhat x =1 + V2.
Mot ban gidi phuong trinh log4x2 =log,5 nhu sau : Vi 10g4x2 =logyx Nén
10g4)c2 =log,5 < logyx=1log,5 & x=5.
Loi gidi do dung hay sai ?
Vi du 5. Giai phuong trinh
logy(x +12) . log,2 = 1. 3)
Gidi
Dé vé trdi cha (3) c6 nghia, ta phdi c6 x + 12 >0va 0 <x # 1. Vay diéu kién

xac dinh cua phuong trinh (3) 1a 0 <x # 1.

Khi dé, log,x #0valog?2 = I , thanh thu véi dieu kién 0 < x # 1, ta co

0g, X

3) = %bgz(x +12). =1 < logy(x + 12) =logy” < x+ 12 =x°.

log, x

Do dé, ta c6 thé viét

x+12=x2 W -x-12=0 x = -3 hoac x = 4

)<= =S =S & x=4.
O<x=l1 O0<x=1 O<x=1

Vay phuong trinh (3) c6 nghiém duy nhat x = 4. O

Dua vé cling co s6 1a phuong phdp rat hay diung khi giai cac phuong trinh mi
va phuong trinh logarit. N6 thuong dugc dung két hop véi cac phuong phép
khic ma ta s€ néu dudi day.

b) Phuong phap dat an phu

Vi du 6. Giéi phuong trinh 3% *°=3"%2 4+ 2.
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Gidi
g ¢ 2
Taco thé viet 377 =3.37 =3 320 D=3 (32 )7,

Vi vay, néu dat y = 3 % (v6i y > 0) thi phuong trinh da cho c6 dang 3y* =y + 2,
hay 3y2 —y — 2 =0. Phuong trinh nay c6 hai nghi¢my=1vay= —% , nhung
chi c6 y = 1 1a thich hop. Do d6

32x+5:3x+2 x+2

+2 &< 3 =1 ©x+2=0 <x=-2.

Vay phuong trinh da cho c6 nghiém duy nhat x = — 2.

Gidi phuong trinh 2°7' +2%72 +2%73 = 448 bang cach dat &n phu y = 22,

Vi du 7. Xét phuong trinh 6 + 4 5 =3 4)
logy 2x  Jog, x

Dé thdy diéu kién x4c dinh ctia phuong trinh 1a x > 0, x # % va x #1. V6i

diéu kién dé, ta c6

6 4

4
@ < 1+10g2x+210g2x

=3. S)

El Gidi phuong trinh (5) bdng cach dat y =log, x réi két luan vé tap nghiém
cla (4).
¢) Phuong phap logarit hoa
Tinh chat (ii) da néu con cho phép giai phuong trinh c¢6 hai v& luon duong
bing cach 14y logarit hai v€ (theo cliing mot co s6 thich hop nao do). Viéc 1am
do goi la l6garit hod hai vé€ cua phuong trinh.
2
Vi du 8. Gii phuong trinh 3*71.2%" =8.472,
Gidi
Dé thay hai v€ clia phuong trinh xdc dinh v6i moi x va lu6n nhan gia tri
duong. Do d6 c6 thé 1ogarit hod hai vé theo co s6 2. Ta c6
2
37127 =8.42 o (x— Dlogy3 +x” =1log,8 + (x — 2)log,4
o =2 -log3)x+ 1 —log,3 =0.



Phuong trinh bac hai cudi cling c6 hai nghiém la x = 1 vax = 1 — log,3. D6
cling 1a hai nghiém cua phuong trinh da cho. O

Logarit hoa 1a phuong phap kha thong dung trong viéc giai phuong trinh mii.
Khi 16garit ho4, ta cdn khéo chon co s6 dé 101 giai dugc gon.

Béng phuong phép I6garit hoa, gidi phuong trinh 2%.5% =0,2.(10°7").

d) Phuong phap str dung tinh dong bién hay nghich bién cia ham so

Vi du 9. Giai phuong trinh 2" =2 —log,x.

Gidi

Dé thay x = 1 12 mot nghiém clia phuong trinh da cho. Ta s& ching minh rang
phuong trinh khong con nghiém nao khac.

That vay, diéu kién xdc dinh cta phuong trinh 1a x > 0, tidc 1a x € (0 ; +o0).
Trén khoang d6, ham s6 y = 2" déng bién trong khi ham s6 y = 2 — logsx
nghich bién.

Ta xét hai truong hop :

—Néu x> 1 thi logzx >0va2'>2.Dodb2 - logzx <2<2". Diéu d6 ching
to trén khoang (1 ; + o), khong c6 gia tri nao cua x 1a nghiém ctia phuong
trinh da cho.

—Néu0<x <1 thiloggx <0va2'<2. Dodb2-logzx >2>2" Diéudo
ching té trén khoang (0 ; 1), khong ¢6 gia tri nao ctia x 1a nghiém ctia phuong
trinh da cho.

Tom lai, phuong trinh da cho c¢6 nghiém duy nhat x = 1.

Céu hdi va bai tap
63. Giai cac phuong trinh sau :
a) (2_,_\/5)2)6:2_\/5; b)2x273x+2=4;
©2.3"' 6.3 _3"=9; d) log;(3* +8) =2 +x.
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64. Giai cac phuong trinh sau :

a) logy)[x(x—-1D]=1; b) log,x + log,(x — 1) = 1.

65. Trén mat mdi chiéc radio déu co cac vach chia dé nguoi sit dung dé dang chon
ding séng radio can tim. Biét rang vach chia & vi tri cach vach tan cing bén
trai mot khoang d (cm) thi ting véi tan s6 F = ka® (kHz), trong d6 k va a 1a hai
hing s6 dugc chon sao cho vach tan cling bén trdi ting véi tan s6 53 kHz, vach

tan cung bén phai ting vdi tan s6 160 kHz va hai vach nay cach nhau 12 cm.

53 60 80 100 120 140 160

iz I R e
A 1 1 1 |

a) Hay tinh £ va a (tinh a chinh x4c dén hang phan nghin).
b) Gia sir dd cho F, hdy gi4i phuong trinh ka’ = F véi 4n d.

¢) Ap dung két qua ctia b), hiy dién vio 6 tréng trong bang sau (két qua tinh
chinh xac dén hang phan tram)

F 53 60 80 100 120 140 160
d
66. Giai cac phuong trinh sau :
a)2" "' 55 =200 ; b) 0,125.4%73 = (4/2)".
67. Giai cac phuong trinh sau :
a) log,x + log,x = log 3 ; b) log\/g x. logsx. loggx = 8.
2

68. Giai cac phuong trinh sau :
)3+ 1837 =29;
3 X
b) 27" + 12" = 2.8". (Hudng ddn : Chia ca hai vé& cho 2°* réi dat 7 = (5) ).
69. Giai cac phuong trinh sau :
log, x  loggdx
log,2x  logs8x °

a) 10g2x3 - 2010g\/; +1=0;

¢) logg, 27 — logs,3 +10gy243 = 0.
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70. Giai cac phuong trinh sau :

a) 3% =47, b) 327108 % = g1y,
)3 8% =36 d) 2%, 571085 = 573,
71. Giai cac phuong trinh sau :
a)2'=3—-x; b) logox =3 —x.
§ HE PHUONG TRINH MU VA LOGARIT

Khi giai hé¢ phuong trinh mii va logarit, ta cling dung cac phuong phéap giai hé
phuong trinh da hoc nhu phuong phap thé, phuong phap cong dai s, phuong
phdp dat 4n phu, ... .

Trong phan nay, ta chi xét mot vai vi du don gian.

Vidu 1. Xét hé phuong trinh

277 43 =5
, )
¥l =,
Patu=2""vav=3" (u>0,v>0), tacé he phuong trinh
u+v=>5 @)
uv = 6.

Dé thay hé (2) c6 hai nghiém 1a (1 ; v) = (2 ; 3) va (u; v) = (3 ; 2). Cic gia tri
nay déu thod man di€u kién u >0 va v > 0. Do d6, ta phai giai hai hé phuong

trinh sau :
2x+y — 2
3)
3 =3,
2x+y — 3
“4)
3 =2,
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. x+y=1 x=0
Ta c6 3 < =

y=1 y=1

[H1| Tigp tuc gidi hé (4) va két luan vé nghiém cia hé (1).

Vi du 2. Giai hé phuong trinh

{22x Y 49X _ olty )
log, x.(log, y — 1) = 4.
Gidi
Trudc hét, ta xét phuong trinh thi nhat trong hé (5) :
22 4 =2, (6)

Nhan hai v& clia phuong trinh (6) v6i 27, ta dugc phuong trinh 22" 4277 =2,
bat 277 =1 (1> 0), ta dugc phuong trinh * +t—2=0; phuong trinh ndy c6

hai nghiém la ¢ = 1 va t = -2, trong d6 chi ¢6 nghiém ¢ = 1 1a thich hgp. Vay

6) 2"V =1<x-y=0 < x=y.

Pem két qua nay th€ vao phuong trinh thit hai ctua hé (5), ta dugc

1
(Elogz X — 1) logox =4 < (logyx)” — 2logyr — 8 =0

= 1
log, x = -2 =272 =
[gz = * o |77 3
log, x = 4 x =2 =16
1A N - s 1 1) .
Két ludn : Hé (5) c6 hai nghiém la (x; y) = (Z ; Z] va(x;y) =(16;16).
xy =1
[H2| Giéi hé phuong trinh )
log” x+log” y =2.
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72. a)

73. a)

74.

75.

76.

77.

78.

79.

Cau hadi va bai tap

Giai cac hé phuong trinh (bai 72 va bai 73) :

{x+y=20

log, x +log, y =1+ 10g,9;

3752V =1152
logﬁ(x+y):2;

b) x+y=1
472 447 20,5,
2 2
b) {x yo =2
log,(x +y) —logz(x —y) = 1.

Luyen tap

Giai cac phuong trinh (tir bai 74 dén bai 78) :

a) log,(3 —x) +1logy(1 —x) =3
c) 7logx _Slogx+1 _ 3.510gx—1 _13.710gx—1 :

a) logz(3 = 1). log;3* "' =3) =12 ;

c) 5¢/log,(—x) = logzx/x_2 :
1 1 1

)4 *4+6 ¥ =9 x;

c) 33102, X —log,8x+1=0;

a) 2sin2x + 4-2c052x: 6 :

a) (%) =x+4;

Giai cac hé phuong trinh :
3.2 +2.3 =275
a)
2Y -3 =-0,75;

b) log,(9 — 2%) = 10'°¢3~9)

b) log, ;4 =1+logy,(x—1);

1
logy x+—=

d) 3 2+

b) 4lnx+ I 6lnx _ 2.31nx2+2 =0 :

2
d) log? (4x) + logz% = 8.
3
1

b) 43+Zcos2x_7.41+cos2x: 42.

) )
b) (sm;j +(cos§j =1.

3log4x—l _ \/;

d) 6x+ 6x+1 — 2x+ 2x+1+ 2x+2.

b) {log5 x +logs7.log;y =1+ logs2

3 +log, y = log, 5(1 + 3logs x).
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BAT PHUGNG TRINH MU VA LOGARIT

e Khi giai cdc bat phuong trinh mii va bat phuong trinh logarit, can nhé
rang cdc ham s6 y = a" va y = log,x dong bién khi a > 1 va nghich bién khi
O<a <1

Sau day, ta xét mot s6 vi du don gian.

Vi du 1. Giai cdc bat phuong trinh sau :
a)2x+2_2x+3_2x+4>5x+1_5x+2; b)9x<2.3x+3.

Gidi

a) Ta bién d6i bt phuong trinh da cho nhu sau :

2x+2_2x+3_2x+4> 5x+1 _5x+2 PN 2x+2(1 _2_22) > 5x+ 1(1 ~5)

X
S-5.2"25 45 o 25 o (%) <1

X
< x >0 (do tinh nghich bién clia ham s6 y = (%) ).

Két ludn : Tap nghiém cua bt phuong trinh da cho 1a S = (0 ; +0).
b) Do 9" = (3% nén khi dat ¢=3", ta dugc bat phuong trinh # —2f — 3 < 0.

Bat phuong trinh nay c6 nghiém 1a -1 < < 3 nén

3> -1
<2343 & -1<3 <3 & {7 & 3<3 e x<l
3 <3
(do 3 > 0 > —1 véi moi x va tinh dong bién ctia hdm s6 y = 3").

Vay bat phuong trinh da cho ¢6 tap nghiém la (-0 ; 1).

[H1] Giai bat phuong trinh 52 ' > 5 + 4.

e Doi v6i cdc bat phuong trinh logarit, ta phai dac biét chd y dén diéu kién
xéc dinh cua bat phuong trinh.
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Vi du 2. Giai bat phuong trinh

logys(4x + 11) < logo’S(x2 + 6x + 8). (1)
Gidi
Diéu kién xdc dinh cta bat phuong trinh (1) 1a 4x + 11 >0 va X +6x+8 >0.

Véi diéu kién d6, do tinh nghich bién cua ham sd logarit co s6 0,5, bat
phuong trinh (1) twong duong véi 4x + 11 > x* + 6x + 8. Bdi vay, ta c6 thé viet

4x +11>0

) X2 +6x+8>0
(1) © x*+6x+8>0 &

) 4x+11> x* +6x +8.
4x +11 > x" +6x+8

Giai tung bat phuong trinh :
P +6x+8 >0 & x<—4 hoacx >-2;
AX+ 11> +6x+8 & X +2x—3<0 < -3<x<1.
Céc gia tri clia x thoa man dong thoi ca hai bat phuong trinh trén 1a x € (-2 1).

-2 1
[ NI
/ X

Vay tap nghiém cua bat phuong trinh (1) [a S = (-2 ; 1).
[H2| Giai bat phuong trinh log, (x + 1) > log(2 - x).
3
Gau hoi va hai tap

Giai cdc bat phuong trinh sau :

)28 %S, b) 16" > 0,125.

a)logs(Bx—1)<1; b) log;(5x—-1)>0;
3

¢) loggs(x* = 5x+6) > —1; d) log; 1 = 2% <0.

X
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82. a) logjsx +logysx—2<0; b) 2¥ +27 —3<0.
83. a) logg (x* + x —2) > logy;(x +3) ;

b) log, (x* — 6x + 5) + 2log;(2 — x) > 0.
3

Cau hdi va bai tap on tap chuong Il

84. So sanh p va ¢, biét :
2 _(3)7
2[5 -(3)
2q p P29

1 7 2

p L s z
oz <[1]" o1 <)

85. Cho x < 0. Chiing minh rang

—1+\/1+%(2x —2‘*‘)2 1o
1+\/1+%(2x —2_x)2 1+2

86. Tinh

a) A = 9210g34+410g812 .

b

b) B = log (—a%%}/} ;
= log, T ,

¢) C = logslogs YIN.35 .
S ——)

n déu can
87. Ching minh rang log,3 > log4.

88. Goi ¢ la canh huyén, a va b 1a hai canh géc vuong clia mot tam gidc vuong.
Chdng minh rang

log,,. a+log. ,a=2log,, .a.log. ,a.
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. S v 1 2 ~ 7, 1
89. Chiing minh rang ham s6 y = In : thoa mén hé thitc xy' + 1 = ¢€’.

+ X

\/5 X

90. Gia st d6 thi (G) cia ham s6 y = ( ) cét truc tung tai diém A va ti€p tuyén
ctia (G) tai A cét truc hoanh tai diém B. Tinh gi4 tri gan ding cla dién tich cta
tam gidc OAB (chinh xac dé€n hang phan nghin).

91. Ki hieu M 1a mot diém thudc dé thi ctia ham s6 y = log,x. Trong hai khing
dinh @ > 1 va 0 < a < 1, khiang dinh ndo ding trong mdi trudng hop sau ?

Vi sao ?
a) M c6toado (0,5;-7); b) M c6toadd (0,5;7);
c) M c6toado3;5,2); d) M c6toadd (3;—5,2).

92. Cac loai cay xanh trong qua trinh quang hgp s€ nhan dugc mot lugng nho
cacbon 14 (mot dong vi cua cacbon). Khi mot bo phan cuia mot céi cay nao do
bi chét thi hién tugng quang hgp cling ngung va nd s€ khong nhan thém
cacbon 14 nita. Lugng cacbon 14 ctia bd phan dé sé phan huy mot cach cham
chap, chuyén hoéd thanh nito 14. Biét rang néu goi P(r) 1a s6 phan tram
cacbon 14 con lai trong mot bo phan cua mot cai cay sinh trudng tir £ nam
trude day thi P(¢) dugc tinh theo cong thic

t

P(t) = 100.(0,5)5750 (%).

Phan tich mot mdu gé tir mot cong trinh kién tric c6, ngudi ta thay luong
cacbon 14 con lai trong miu gd d6 1a 65%. Hay xéc dinh nién dai cla cong
trinh kién tric do6.

93. Giai cac phuong trinh :

iS x+17
a) 32°77 =0,25.128 ; b) 51 =10°27%5% ;
C) 4)& _3X—0,5 — 3X+0,5 _22)(—1 ; d) 34X+8 _ 4. 32x+5 + 28 — 210g2 \/5.

94. Giai cac phuong trinh :
a) 10g3(10g(2)’5 x —3logys x + 5) =2; b)logy(4.3" —6) —logy(9" —6)=1;
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c)1- %log(Zx— )= %log(x— 9); d %logz(x— 2)— % = log, Vv3x -5.
8
95. Giai phuong trinh
4" -3"=1.
96. Giai cac hé phuong trinh :

2log, x -3 =15

log,(x —y) =5 —1log,(x +y)
a) ylogx —log4 b

1: 1
logy —log3 1 3”.log, x = 2log, x + 3",
97. Giai cac bat phuong trinh :
- 10g4 al 1 x+1 X
_ehT < 3 o .
a)1+10g2x_2’ b)logL(6 36)_ 2 ;

NG

¢) log, (x2 —6x +18) + 2logs(x —4) < 0.
5

Bai tap trac nghiém khach quan

Trong moi bai tdp dudi ddy, hdy chon mot phuong dn trong cdc phuong dn da
cho dé dwoc khdng dinh diing.

98. Gid tri biéu thiic log, 36 — log, 144 bang

(A)—4; (B)4; ©-2; (D) 2.
99. Biétlog, Ja =2 thi logs a bang
(A)36; (B) 108 ; O 6; (D) 4.

100.Tap cdc s6 x thod man logy4(x —4)+120 la

(A) 45+40) 5 (B) (4:6,5 5 (O) (=036,5) ; (D) [6,5;+0).

) 4x 3 2—x
101.Tap cac s6 x thoa man (gj < (EJ la

A) [—oo; ﬂ B) [_g;MJ; © [—oo;ﬂ; (D) E;m].
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102.Gid tri biéu thic 3log,, 10> bang

(A) 08 (B) 7.2 ©-12; (D) 72.
103.Gia trj biéu thic (0,5)log, 25 + log,(1,6) bang
(A) 13 (B)2; ©3; D) 5.

log, 240  log, 15

104.Gia tri biéu thiic
' log; 752 loggy2

+ log, 1 bang

(A) 4 (B)3; O1; (D) -8.
2x-1 3 2-x
105.Tap cac so x thoa man (EJ < (3] la

(A)[3;40);  (B)(-oo;1]; O [l;+0); (D) (+0; —0).

106. D6i v6i ham s6 f(x) = e*>, ta ¢6

R ) 8
N2l a2 - 1 A N, T
(A)f(6]—e ; (B)f(6j_ e-
(© f'@:&; <D>f-(gj:-¢%.

107. Bai véi ham s6y:1r1#,tac()
x+1
A xy+1=¢ ; B) xy+1=-¢ ;
© xy—-1=¢; (D) xy'—1=—¢".

108. Trén hinh 2.13, d6 thi ctia ba ham s&
y=d ,y=b"vay=c"
(a, b va c 1a ba s6 duong khac 1 cho trudc)
duoc vé& trong cling mot mit phang toa do.
Dua vao d6 thi va cédc tinh chat cua luy
thira, hay so sanh ba s6 a, b va c.

(A) a>b>c ; Bya>c>b;
) c>b>a; D)b>c>a.

Hinh 2.13
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109. Trén hinh 2.14, d6 thi cua ba ham s6

y=log,x,y=log,x vay=log.x
(a, b va ¢ la ba s6 duong khac 1 cho truéc) duoc v€ trong cing mot mat
phéang toa do. Dua vao d6 thi va c4c tinh chat ctia 16garit, hay so sanh ba s6 a,

bvac.

(A) a>b>c ; Byc>a>b;

© b>a>c D)c>b>a.
110. Phuong trinh log, 4x —log 2 =3

c6 bao nhiéu nghiém ? 2

(A) 1 nghiém ; (B) 2 nghiém ;

(C) 3 nghiém ; (D) Vo nghiém.

Hinh 2.14
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]

NGUYEN HAM

1. Khai niém nguyén ham

Bai todn md ddu. Van toc ciia mot vién dan duoc ban lén theo phuong thiang
ding tai thoi diém ¢ 12 v () = 160 — 9,8¢ (m/s) (coi ¢ = 0 12 thoi diém vién dan
duoc ban 1én). Tinh quang dudong di dugc cia vién dan ké tir khi ban lén cho
dén thoi diém .

Goi s(¢) 1a quang dudng di dugc cta vién dan sau khi ban duogc ¢ giay.

Ta da biét v(¢) = s'(r). Do d6 ta phai tim ham s6 s = s(¢) thoa man diéu kién :

s'(1) =160 —9,8¢.

Nhiéu van dé ctia khoa hoc va ki thuat da dan téi bai todn sau day :

Cho ham so'f xdc dinh trén K, ¢ dé K la mét khodng, mot doan hodc mot nita
khodng nao dé. Hdy tim ham s6'F sao cho F'(x) = f(x) vdi moi x thudc K.
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DINH NGHIA

Cho ham s6 f xac dinh trén K. Ham s6 F dugc goi 1a nguyén ham
cia f trén K néu F'(x) = f(x) v6i moi x thuoc K.

CHUY
1) Trong trudng hop K =[a; b], cdc dang thic F'(a) = f(a),
F'(b) = f(b) dugc hiéu Ia

lim F(x) - F(a)

x—at —da

= f(a) va lim F) = Fb) = f(b).
x—>b~ x—=>b

2) Cho hai ham s0 f'va F lién tuc trén doan [a; b]. Néu F 1a nguyén

ham cia f trén khodng (a; b) thi c6 thé chitng minh dugc ring

F'(a) = f(a)va F'(b) = f(b), do d6 F ciing la nguyén ham cta f

trén doan [a ; b].



Vidul

3
N o X N R N 5 N < o N
a) Him s6 F(x) = =5 la nguyén ham cua ham so f(x) = x* tréen R wi
3 1
X .
(?J = x> véi moi x € R.

b) Ham s6 F (x) = tanx 1a nguyén ham cua ham s6 f(x) = trén khoang

COoOS X

_E T ity = ——— véimoi x e - X
2°2 T cos? x : 2°2)

¢ 2 2 S ¢ 2
c¢) Ham so F (x) = g\/x—3 la nguyén ham cua ham so6 f(x) = \/; trén nua

khoang [0 ; +0) vi F'(x) = Jx véi moi x € (0;+400) va ca hai ham s6 fva F

déu lién tuc trén [0 ;+00).

[H1| Cac ham s6 F(x)=—-2cos2x va Fy(x)=-2cos2x+2 la nhiing nguyén

ham cla ham s6 nao ?

DINH Li 1

Gia st ham s6 F 1a mot nguyén ham ctia ham s6 f trén K.
Khi d6

a) V6i moi hiang s6 C, ham s6 y = F(x) + C ciing 1a mot
nguyén ham cua f trén K.

b) Nguoc lai, v6i méi nguyén ham G cla f trén K thi ton tai
mot hiang s6 C sao cho G (x) = F (x) + C v6i moi x thuoc K.

Chitng minh

a)Giast G (x) = F(x) + C. Khi d6 G'(x) = F'(x) =f (x).

b) bat Hx) = G(x)-F (x),taco H'(x) =G'(x) —F'(x) = f(x) —f(x) =0 v6i
moi x € K. Vay H 1a ham s6 khong ddi trén K, tic 1a H(x) = C v6i C 12 mot

hang s6. Suy ra G (x) = F (x) + C v6i moi x € K. O
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Vi du 2. Tim nguyén ham F cha ham s6 f(x) = 3x* trén R thod man diéu
kién F(1) =—1.

Gidi. Dé thdly y = x> 12 mot nguyén ham cta ham s6 f(x) = 3x% nén nguyén
ham F c4n tim ¢6 dang F(x) = x> + C.

ViF(1)=—-1nén 1P+ C=-1,suyraC=-2.Vay F(x) = X -2

e Tt dinh Ii 1 ta thady n€u F 1a mot nguyén ham cua f trén K thi moi nguyén

ham ctia ftrén K déu c6 dang F(x)+C v6i C e R. Vay F(x)+C, CeR

la ho tat ca cic nguyén ham cua f trén K.
Ho tat ca cac nguyén ham ctia f trén K duoc ki hiéu léj f(x)dx . Vay
jf(x)dx =F(x)+C,CeR.
Nguoi ta cling dung ki hiéuJ. f(x)dx d€ chi mot nguyén ham bat ki cta f.
Vay
([ Feodx) = f).
(V€ ki hiéu I f(x)dx xem bai Em c6 biét : "Nguoén goc cua ki hiéu nguyén
ham va tich phan" tr. 157).

e Ngudi ta da ching minh duoc rang : Moi ham so' lién tuc trén K déu cé
nguyén ham trén K.

e Tir day, trong cdc bai todn vé nguyén ham cia mot ham s6, néu khong néi gi
thém, ta luon gia thiét raing ham s d6 1a lién tuc va nguyén ham ctia né duoc
xét trén moi khoang (ntra khoang, doan) xac dinh ctua ham s6 do.

2. Nguyén ham cua moét s6 ham so thuong gap

Bai todn tim nguyén ham la bai todn ngugc vé6i bai toan tim dao ham. Viéc
tim nguyén ham ctia mot ham s6 thuong duoc dua vé tim nguyén ham cua céc
ham s6 don gian hon. Sau day l1a nguyén ham cta mot s6 ham s6 don gian
thuong gap.
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a+l

+1

2) jx“dx=x +C (a #-1);
o
3) jldx =Inlxl +C :
X

4) Vi k 1a hang s6 khéc 0
cos kx

a)_[sinkxdx=— +C;

sin kx

b) jcoskxdx: +C:

b)I .12 dx =—cotx + C.
sin” x

1) j0dx=c, jdx=j1dx=x+c;

Ta dé dang ching minh cdc cong thic trén bang cédch tinh dao ham vé phai.

Chang han, vi (sn;{kx

Vidu3
a) [4xtdr = %xS +C.
o3
b) [~xdx = jxdx_ +C=xT C:%\/;HC.
5+ 2
sinE
C)J-cos%dx: 12:2sin§+C.
2

] = coskx nén ta c6 cong thiic 4) b).
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1
Ti —dx ; b) |sin2xdx.
@ im a) J.x3 )Ism X

3. Mot so tinh chat co ban cia nguyén ham
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DINH Li 2

Né€u f, g 1a hai ham s0 lién tuc trén K thi
a) [[f(0) + g(0ldx = [ f(r)dx + [ g(x)d;
b) V6i moi s6 thuc £ # 0 tacd

[k Coydx = k[ Fdx.

Chitng minh. a) Ta can chiing to rdng v€ phai 12 mot nguyén ham cta f + g.
That vay ta c6

([ reode + [gndx) = ([ Fodx)+ ([ eodx) = £ + g0
b) Chitng minh tuong tu. O

Dua vao nguyén ham ctia cac ham s6 thuong gap va van dung hai dinh Ii trén
ta c6 thé tinh dugc nguyén ham ctia nhiéu ham s6 khéc.

Vidu 4. Tim

a) j[é + %de ;

b) j(x ~ Dt +3x)dy
c) Jsinzxdx.
Gidi

o[+ Floes e e

1 1
=%jx§dx+2jx_5dx=

:%@+4&+C.

| > 1
§x2 +4x* +C



b) j(x—l)(x“ +3x)dx = j(x5 —x* +3x% = 3x)dx
:jx5dx—jx4dx+j3x2dx—j3xdx

6 5 3 2

. Khéng dinh sau ding hay sai ?
Néu £(x) = (1- V/x ) thi J.f(x)dx = -Jx +C.

S T R
=% 5 + x > + C.
) _pl=-cos2x .1 1 _ X sin2x
c) J.sm xdx—J.de—EJ.dx—E COSZde—E— 7] +C.
El Tim
a) j(x3+2x2—4)dx; b) jcoszxdx.
Cau hoi va hai tap
. Tim nguyén ham cua cac ham s6 sau :
2) f(x):3x2+§; b) F(x) = 2x° —5x+ 7 ;
1 1 =
O fW=—=-2-3:1 dfw=x3; e) f(x) =10,
X
. Tim
a) j(«/; +x)dx b) IMM ;
X
) ) 1+ cos4x
c) J4sm xdx ; d) Ide.
. Chon khang dinh diing trong c4c khang dinh du6i day :
Nguyén ham clia ham s6 y = xsinx la
(A) xzsin§+C ; (B) —xcosx +C ; (C) —xcosx +sinx + C.
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MOT SO PHUONG PHAP TIM
§ 2 NGUYEN HAM

1. Phuong phap doi bién so

Co s6 clia phuong phap déi bién so 12 dinh 1i sau day.

DINH Li 1

Cho ham s0 u = u(x) ¢6 dao ham lién tuc trén K va ham s6 y = f{u)

lién tuc sao cho f[u(x)] xdc dinh trén K. Khi d6 néu Fla mot

nguyén ham cua f, tic la If(u) du = F(u) + C thi

[ FluCole'(x)dx = Flu(o)] + C. (1)

Chitng minh

Theo quy téac tinh dao ham cua ham s6 hop, ta ¢
(Flu()] + C)' = F'lu(x)]u'(x) = fu(x)]u'(x).
Vay taco (1). O

CHU Y
Trong thuc hanh, ta thuong viét tat Flu(x)] 1a F(u) ; flu(x)] 1a fu)

va coi du 1a vi phan ctia ham s6 u = u(x) (nghia l1a du = du(x) = u/'(x)dx).

Khi d6, cong thic (1) dugc viét nhu sau :

[ F[uCo]u'Codx = [ f[u(0)]duCo) = [ £ du
= F(u) + C = Flu(x)] + C. 2)

Ta noéi da thuc hién phép doi bien u = u(x).

WduLﬁmj@x+Dﬂm

142



Gidi. Tacé 2x + D*dx = %(2x +D*2x + 1)'dx = %(2)( + D*dEx +1).
Dat u = u(x) = 2x + 1. Ap dung cong thiic (2), ta c6
4l 4 el s, T4
j(2x+1) dx—I§(2x+1) d(2x+1)_j§u du—zj.u du
1
.guS
[H1] 7im JZx(xz +1dy.

2x de
\/3 x>+ 4

_ 1 5
+C—10(2x+1) + C.

| =

Vi du 2. Tim j
Giai. Ta c6

2xdx (xF 4+ 4)

%/x2 +4 %/xz +4

bat u = X’ +4. Ap dung cong thic (2), ta c6

1
dr =(x% + 4) 3d(x? + 4).

1 1
dx=j(x2+4)_§d(x2+4)=ju 3 du

J~ 2x
\]3 x> +4

2 2
:%us +C:%(x2 +4)° +C.
Vidu 3. Tim J.cos (7x + 5)dx.
Giai. Ta co

cos(7x + 5)dx = %cos(7x +5)(7x +5)'dx = %Cos(7x +5)d(7x +5).

biat u = 7x + 5. Cong thic (2) cho ta
jcos(7x +5)dx = j%cos(%c +5)d(7x +5) = I%cosudu

= %sinu +C = %sin(7x +5)+C.

, sin x
Vldu4."[“1m_|.e cosx dx.
Giai. Taco
e’ cosxdx = e*""d(sinx).
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2.

144

bit u = sinx. Cong thic (2) cho ta
Iesmxcosxdx = j-esmx d(sinx) = j-e” du =" +C= e +C.

@ Tim Ixe“xz dx.

Phuong phap lay nguyén ham tirng phan
Co s6 ctia phuong phap 14y nguyén ham timng phan la dinh 1i sau day.

DINH Li 2

Néu u, v 1a hai ham s6 c6 dao ham lién tuc trén K thi

ju(x)v'(x)dx = u(x)v(x) — Iv(x)u'(x) dx.

Cong thic trén goi 12 cong thitc ldy nguyén ham ting phdn (goi tat 1a cong
thitc nguyén ham timg phdn) va dugc viét gon dudi dang

Iudv =uv — jvdu.
Chuing minh
Ta can ching t6 v€ phai 1a mot nguyén ham ctia uv'. That vay
(u(x)v(x) - J.v(x)u'(x)dx)' =uxv'(x) + v(x)u'(x) — (J.v(x)u'(x)dx)'
=u(x'(x) + v(x)u'(x) —v(xu'(x) = u(x)v'(x). O
Vidu S. Tim chosxdx.
Gidi
bat u(x) = x, v'(x) = cosx. Khi d6 u'(x) = 1, v(x) = sinx (chi can ldy mot
nguyén ham cuia v'). Theo cong thic nguyén ham tiing phan, ta c6

J‘xcosxdx = x sinx —Isinxdx = x sinx + cosx + C.

Vi du 6. Tim nguyén ham cua ham s6 y =In x.
Gidi
bat u = u(x) = Inx, dv = dx. Khi d6 du = %dx, v = v(x) = x. Theo cong

thitc nguyén ham timg phan, ta c6

Ilnxdx :xlnx—J.x.%dx :xlm—jdx =xlnx —x + C.



BI Tim nguyén ham cta ham s6 f(x) = %ezx :

(Hu6ng dan. Dat u(x) = g Vi(x) = e2%).

~ 2 m Y . m ~
Cau hoi va hai tap
5. Dung phuong phédp d6i bién s6, tim nguyén ham ctia cdc ham s6 sau :

9x?

a) f(x) = -
1

A s

) F() = N1 — »? (Hudng dén. Pat u =1— x*) ;

) f(9) = ———— (Huong din. Dat u = 1+ Jx).

Vx(1++/x)?

6. Dung phuong phdp 14y nguyén ham ting phan, tim nguyén ham ctia cic ham

(Huong din. Dat u=1-x);

(Huong dan. Dat u = 5x + 4) ;

sO sau :
a) f(x)= xsin% ; b) f(x) = xzcosx;
) f(x) = xe*; d) f(x) = > In(2x).

Luyen tap
Tim nguyén ham cua cac ham s6 sau :
7. a)f(x)=3xV7 - 3x? ; b) f(x) =cos(3x +4) ;
o) fx)= ; ; d)f(x)= sinSf cos£~
c0s2(3x +2) 3 3
8. a)f(x)= xz(ﬁ—ljs ; b) f(x) = Lsinlcosl ;
) 18 ’ 2oox o x’
o) f(x) = X% ; d)f(0) = eV,
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9. a)f(x)= x20052x; b) f(x) = x/;lnx;

¢) f(x) = sin* xcosx ; d) f(x) = xcos(x?).

§ 3 TICH PHAN

1. Hai bai toan dan dén khai niém tich phan
a) Dién tich hinh thang cong
Cho ham s6 y = f(x) lién tuc va 1ay gia tri duong
trén doan [a ; b]. Hinh phang gidi han béi d6 thi
ham s6 y = f(x), truc hoanh va hai dudong thiang
X =a, x = b duogc goi 1a hinh thang cong (phan to
dam trong hinh 3.1).

Bai todn dat ra la tim cong thic tinh dién tich
cta hinh thang cong.
Bai todn 1
Cho hinh thang cong gi6i han boi do thi ham s6 y = f(x), truc hoanh va hai
duong thing x = a, x = b (a < b). Gid st f la ham s6 lién tuc, dong bién va
nhan gia tri duong trén doan [a ; b]. Chiing minh rdng dién tich S cla hinh
thang cong do la

S =Fb)—-F(a)
trong do F 1a mot nguyén ham bat ki cta f trén doan [a ; b].
Chitng minh
Ki hiéu S(x) (¢ £ x < b) la dién tich hinh thang cong gidi han bdi do thi
ham s6 y = f(x), truc hoanh, dudng thing x = a va dudng thang di qua
diém x trén truc hoanh va vuong géc véi truc hoanh (h.3.2). Nhu vay, ta co

mot ham s6 y = S(x) xac dinh trén doan [a ; b].
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Trudc hét, ta chiing minh y = S(x) 1a mot nguyén ham cua ham s6 y = f(x)
trén doan [a ; b]. That vay, gia sit x, 12 mot diém tuy ¥ c¢6 dinh thuoc khoang

(a; b). Xétdiém x € (x,;b].
Khi d6 S(x) — S(xy) la dién tich hinh thang cong MNEQ (h.3.3).

Y =f(x) y =fx)
£ L
fogb—2 P
— S(x) — X .
o| a x b X ol a M Nb x
Hinh 3.2 Hinh 3.3

Do f1a ham d6ng bién nén hinh thang cong MNEQ nam trong hinh chit nhat
MNEF va chita hinh chit nhat MNPQ. Vay

Sunro < Suneo < SMNEF
tuc la F(xp)x = x) < S(x) = S(xy) < F(x0)(x = xp),

22500 i, ()
X — .XO

suy ra fxp) <

Vi lim f(x) = f(xy) nén tr (1) ngudi ta chiing minh duogc
x—)xO
lim S(x) = S(xp)

x>y X = Xp

= f(xo)-

: . S-S
Tuong tu v6i x € [a; xp), tacling c6 lim S0 = S(x)
X=X X = Xy

= f(x() ).

Vay tim 2070 _ g hay §'x) = £,

X—>Xg X =Xy
Vi xy 1a tuy y thudc (a;b), nén suy ra S'(x) = f(x) v6i moi x € (a;b).
Tuong tu, ta ¢6 : S'(a)=f(a),S'(b)=f(b). Viy ham s6 y = S(x) la mot
nguyén ham cta f trén doan [a ; b]. Thanh thu ton tai hing s6 C sao cho
S(x)=F(x)+C.
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2.
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Dé thay S = S(b) — S(a).
Do d6 S = S(b) — S(a) = (F(b) + C) — (F(a) + C) = F(b) - F(a). |

[H1| 7inh dién tich hinh thang cong gidi han bdi d6 thi ham s6 y = x*, truc hoanh
va hai duong thdng x =1 ; x = 2.

b) Quang duong di duoc cia mot vat
Bai todan 2
Gia str mot vat chuyén dong c6 van toc thay déi theo thoi gian, v =£7) (0 <t <T).
Chiing minh ring quiang dudng L vat di duoc trong khoang thoi gian tir thoi
diémr=a dénthdidiém r=b (0<a<b<T) la

L=F(@®)-F(a),
trong d6 F 1a mot nguyén ham bat ki cua f trén khoang (0 ; 7).
Chitng minh
Goi s = s(¢) 1a quang dudng di dugc cta vat cho dén thoi diém ¢. Quang dudng
vat di duoc trong khoang thoi gian tir thoi di€ém 7 = a dén thoi diém ¢ = b 1a
L = s(b) — s(a). Mat khdc, ta da biét s'(r) = f(¢), do do s = s(¢) la mOt nguyén
ham cta f. Thanh tht, ton tai hing s6 C sao cho s(¢) = F(r) + C. Vay

L =s(b) —s(a) = [F(b) + C] —[F(a) + C] =F(b) —F(a). O
Khai niém tich phan
Trong khoa hoc va ki thuat, c6 nhiéu dai luong quan trong duoc biéu thi bing
hiéu F(b) — F(a) trong d6 F 1a mot nguyén ham ctia ham s6 f nao do.
DINH NGHIA

Cho ham s6 f lién tuc trén K va a, b 1a hai s6 bat ki thudc K. Néu

Fla mot nguyén ham cua f trén K thi hiéu s6

F(b) — F(a)
duoc goi 1a tich phan cua f tir a dén b va ki hiéu 1a

b
Jfd




b
Trong trudng hop a < b , ta goi I f(x)dx 1a tich phdn cua f trén doan [a ; b].
a

b

@ Chimg minh rang J-f (x)dx la mét s6 khéng phu thuée vao viée chon nguyén
a

ham F nao trong ho cac nguyén ham ctdaf.

b
Nguoi ta con dung ki hiéu F (x)‘a dé chi hiéu s6 F(b) — F(a). Nhu vay néu

F 1a mot nguyén ham cua f trén K thi

b
[reode = Fo).

Vi I f(x)dx 1a mot nguyén ham bat ki cta f nén ta c6

b

Tf(x)dx = ([ Feodx), -

a

Nguoi ta goi hai sO a, b 1a hai cdn tich phdn, s6 a la cdn dudi, s6 b 1a cdn trén,
fla ham s6" dudi ddu tich phdn, f(x)dx 1a biéu thiic dudi ddu tich phdn va x 1a
bién so'ldy tich phdn.

CHUY

Do6i v6i bién so 1ay tich phan, ta ¢6 thé chon bat ki mot chit khac

thay cho x. Ching han, néu sir dung chit ¢, chif ,... Iam bién s 1ay
tich phan thi

b b
[fwade, [ faydu, ... déulamot s6 va s6 d6 bang F(b) - F(a).
a a
21 5 5
Vidu 1. j—dx - ln(|x|)‘ =In5-1n3=1In>;
3x 3 3

4 2

1 X 4
jx+—dx: Z_ +1nlx =6+In2. O
5 X 2 2
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V6i dinh nghia tich phan, bai todn 1 c6 thé phat biéu lai nhu sau :
Cho ham s6 y = f(x) lién tuc, dong bién va nhan gia tri duong trén doan [a ; b].

Khi d6 dién tich S cta hinh thang cong giGi han bdi d6 thi ham s6 y = f(x), truc

b
hoanh va hai dung thing x =a, x=b1a$ = [ f(x)dx.

a

Téng quat, ngudi ta chiing minh duoc

DINH L 1

Cho ham s6 y = f(x) lién tuc, khong am trén doan [a ; b]. Khi
d6 dién tich S cua hinh thang cong gii han bdi d6 thi ham s6
y = f(x), truc hoanh va hai dudng thing x=a, x=b 12

b
S= [ f(x)dx.

EI Mot vat chuyén déng vai van téc thay doi theo thdi gian v = f(t). Chiing minh
rédng quang duong ma vét di dugc trong khodng thdi gian tir thoi diém a dén thoi

b
diém b 1a j f(ode.
a

Vi du 2. Mot 6t6 dang chay v6i van toc 20m/s thi nguoi 1ai dap phanh (con
noi 1a "thang"). Sau khi dap phanh, 6t6 chuyén dong cham dan déu véi van toc
v(f) = =40t + 20 (m/s), trong d6 ¢ 1a khoang thoi gian tinh bing giay ké tir lic
bat dau dap phanh. Hoi tir Itic dap phanh dén khi dimg hén, 6t6 con di chuyén
bao nhiéu mét ?

Gidi. Lay méc thoi gian 1a ldc 6to béat dau dugc phanh. Goi T 1a thoi diém 6t6
dung. Ta ¢6 w(T') = 0 suy ra 20 = 40T hay T = 0,5. Nhu vay, khoang thoi gian tir
ldc dap phanh dén khi dimg han ctia 6t6 12 0,5 giay. Trong khoang thoi gian 0,5
gidy do, 06to di chuyén dugc quiang dudng 1a

0,5
L= [ (20~ 40ndr = 20r - 20%) 3’5 = 5 (m).
0
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3. Tinh chat cua tich phan

Céc tinh chat co ban cua tich phan dugc phat bi€u trong dinh 1f sau day.

DINH Li 2

Gia su cac ham s6 f, g lién tuc trén K va a, b, ¢ 1a ba s6 bat
ki thudc K. Khi d6 ta c6

) ff(x)dx =0;
b a
2) [f)dr =~ foodx ;
a b
b c c
3) jf(x)dx+jf<x>dx = jf(x)dx :

4) j [f(0) + g(0)]dx j FOodx + j g(x)dx ;

5) jkf(x)dx = kjf(x)dx v6i k € R.

Chiing minh. Ta chiing minh cac tinh chat 3) va 4).
Gia st F 1a mot nguyén ham ctaf.

3) Taco

b c
[fydx+ [fode = Fb) - F(a) + F(e) - F(b)
a b

= F(c) - F(a) = j F(x)dx.

4) Ap dung dinh 1i 2 ctia §1 ta c6

(JIr@ + s )\ =(J f(x)dx)\ (jg(x)dx)z

b
[LF 0o + g(01dx

b b
[Feodx + [eodx. O
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Hay chiing minh céc tinh chét 1), 2) va 5).
3 3
Vidy 3. Cho [ f(x)dx = =2 va [g(x)dx = 3.
1 1
Hay tinh
3 3
[13f(x) - g(oldx va [[5-4f(0)]dx.
1 1
Gidi

3 3 3

J137(0) = gy = 3] fx)dx ~ [ gL0dr =3.-2) -3 =-9.
1 1 1

3 3 3

j[5 — 4f(x)]dx = sjdx —4[fr)dy =52 - 4(-2) =18,

1 1 1

[H5] Tim b néu biét rang

b
j Q2x—4)dx =0.
0
Cau hoi va hai tap
10. Khong tim nguyén ham, hdy tinh c4c tich phan sau :

a)H%w)dx; b)j.|x|dx; c)j. 9 — x2 dx.
) -1 -3

Huéng dén. Ap dung dinh 1 1.

2 5 5
11. Cho biét [ f(x)dx =—4, [ f(x)dx =6, [g(x)dx =8. Hay tinh
1 1 1
5 2
a) [ flody ; b) [3f(x)dx ;
2 1
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5 5
o) [[f(0) - g(o)ldr ; d) [[4£(0) - g(0)ldx.
1 1
3 4 4
12. Cho biét [ f(z)dz =3, [f(x)dx =7. Hay tinh [ f()dz.
0 0 3

b
13. a) Chiing minh rang néu f(x) > 0 trén [a ; b] thi j Ff(x)dx > 0.
a

b b
b) Chiing minh ring néu £(x) > g(x) trén [a ; b] thi [ f(x)dx > j g(x)dx.

a

14. a) Mot vat chuyén dong véi van toc v(r) = 1 — 2sin 2t (m/s). Tinh quing dudng
vat di chuyén trong khoang thoi gian tir thoi diém ¢ = 0(s) dén thoi diém

t= %t (s).
b) Mot vat chuyén dong cham dan véi van téc v(r) = 160 — 10¢ (m/s). Tinh

quang dudng ma vat di chuyén duoc tir thoi diém ¢ = 0 dén thoi diém ma vat
dimng lai.

15. Mot vat dang chuyén dong véi van toc 10m/s thi ting toc véi gia toc

a(t) =3t + 1> (m/sz). Tinh quang duong vat di dugc trong khoang thoi gian
10 giay ké tir Iic bat dau tang toc.

16. Mot vién dan dugc ban Ién theo phuong thang ding véi van toc ban dau 25m/s.
Gia toc trong truong 1a 9,8m/s”.

a) Sau bao lau vién dan dat t6i do cao 16n nhat ?
b) Tinh quang dudng vién dan di dugc tir lic ban 1én cho dén khi cham dat
(tinh chinh x4ac dén hang phan tram).
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TINH GAN DUNG TiCH PHAN VA KHAI NIEM
TONG TiCH PHAN

Tinh gan dang tich phan
b
TU dinh nghfa tich phan ta thdy mudn tinh tich phan J.f(x)dx thi phai tim dugc mét
a
nguyén ham F cla f. M&c du nguyén ham nay chac chan t6n tai nhung trong nhiéu
trudng hop ta khong thé tim dudc biéu thiic tudng minh ctia F(x) qua cac ham so cap
da biét. (Chéng han, ngudi ta da ching minh rdng nguyén ham cla cac ham sé

2 1 ~ .
y=e ', y= mzx , y=v1+x*, .. khong thé biéu dién qua cac ham so cap da

b
biét.). Trong nhiing trudng hdp nhu vay, viéc tinh dung tich phan J-f(x)dx Ia khéng
a
thé thuc hién dugdc. Vay c6 thé tinh gan ding tich phan dé dugc khong ?
a) Cho ham s6 y = f(x) lién tuc va Iay gia tri duong trén doan [a ; b]. Xét hinh thang
cong H giéi han bai d6 thi ham s6 y = f(x), truc hoanh va hai dudng thdng x =a,

x=0>b (trén hinh 3.4, ham s6 f(x) =5 —xz, a=-1,b=2). Goi S la dién tich cla H.

b
Theo dinh I 1taco S = jf(x)dx .
a

V6i méi s6 nguyén duong n, ta chia doan [a; b] lam n doan con bang nhau bdi cac

diém Xo=a, x :a+bn;a,..., X =a+kb_a,..., x,=b (k=0,1,2, .., n).

Dung céac hinh chir nhat B, véi day la doan thang [x; ; X311, chiéu cao 1a f(x;)
(k=0, ..., n —1). Dién tich cGa hinh chit nhat B, 1a f(x;)(x; 1 —x;). Goi A, 14
hgp clia n hinh chir nhat By, By,...,B,_; (xem hinh 3.4b véi n = 10) va S( A, ) 1a dién
tich ctia hinh A,,. Ta c6 S(A,) la tdng dién tich cia n hinh chit nhat By, B,,...,B,_; .

n-1

Vay S(A,) = D FO) 01 = X) -
k=0
Khi s6 diém chia n cang I6n, s6 hinh chit nhat B, B,,...,B,_; cang nhiéu thi dién

tich S(A,) cla hinh A, cang gan véi dién tich S clia H (xem hinh 3.4c véi n = 20,
hinh 3.4d vé6i n = 30). Vay S ~ S(A,) nghia la



b n—1
[Fedr= Y FOa) 0o =)
a k=0

Hinh H Hinh Ay,

Hinh Ay,

Hinh 3.4

b) C6 thé nhan dudc cong thiic gan dung trén véi 1ap luan nhu sau : Gid s mot vat
chuyén déng véi van téc v = f(¢). Ta chia khoang thdi gian [a; b] thanh n khoang thdi
gian bang nhau a = f, < h<...<t,= = b. VGi n kha 16n thi khoang thoi gian (7 ; ler1, )
kha bé nén co thé coi rang trong khoang thdi gian d6 vat chuyén dong véi van toc
khéng ddi. Khi d6, quang dudng vat di dugdc trong khodng thai gian (1 ; #; ,1) X8p Xi
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bang f(t; )t +1 — t; )- Thanh thd quang dudng véat di dugc trong khoang thdi gian
n—1

[a; b] x8p xi bang Z ft )ty — ;). Méat khac, ta da biét quéng dudng di dugdc la
k=0

b
j f(r)dt . Vay ta cb

b n—1
[Fodt= Y ft) -1
a k=0

Khai niém téng tich phan
Mét cach téng quat, cho ham s6 y = f(x) lién tuc trén doan [a ; b]. V6i mbi s6 nguyén
duong n, ta chia doan [a ; b] lam n doan con bang nhau bdi cac diém chia

Xo = a, x; =a+b;a,..., X =a+kb_a,..., x,=b (k=0,1,2...,n).
n n

Mbi doan con déu c6 do dai béng b-a .
n

n—1
Ki hiéu Su =D FO)(Xgy —Xp)-
k=0
S,, dugc goi 1a téng tich phan cap n clia ham sé y = f(x) trén doan [a ; b).

Ngudi ta da ching minh dudc dinh Ii sau day, goi la dinh i co ban cia tich phan
Dinh Ii

Cho ham s6 y = f(x) lién tuc trén doan [a ; b]. Goi S, la tdng tich phan c&p n cla
ham s6 y = f(x) trén doan [a, b]. Khi d6

b
lim$, = j F(x)dx.

a

b n—1
Thanh thér khi 7 16n ta c6 j Fdv xS, = > F)0G — ).
a k:O
Nhu vay tdng tich phan S, dung dé tinh x&p xi tich phan. Khi c8p n cang I6n thi tdng
b

tich phan S, cang gan vdi tich phan J.f(x)dx va su xap xi cang tét, dé chinh xac

N a
cang cao.

Chu y. V& mat lich s, khai niém tich phan dugc hinh thanh déc 1ap vGi khai niém
nguyén ham. Tich phan cla ham sé f trén doan [a ; b] dudc dinh nghia la gi6i han



b
clia téng tich phan cap n cla f trén doan [a; b]. Dang thic J-f(x)dx = F(b) - F(a),
a
ma ta dung lam dinh nghia tich phan, dugc tim ra sau d6 bdi hai nha toan hoc Niu-
ton va Lai-bo-nit. D&ng thiic d6 cho ta mai lién hé gilta tich phan va nguyén
ham va dudc goi la céng thdc Niu-ton — Lai-bo-nit.

Coa’b/'.‘
S G

NGUON GOC CUA Ki HIEU NGUYEN HAM VA TiCH PHAN

Ki hiéu tich phan la do nha toan hoc thién tai ngudi Blc Lai-bo-nit (1646 — 1716)
dua ra. Tich phan clia ham s6 f trén doan [a ; b] dugc 6ng dinh nghia la gi6i han cla
téng tich phan.

n—1
lim Y f)( 1 = X)- (1)
k=0
Thoi Lai-bo-nit, hiéu x;_; — x; thudng dugc viét 1a dx, = x;; — x; do d la chit
dau cla chir La-tinh "diferentia” (hiéu s8). Do d6, gi6i han (1) dudc viét lai thanh

n—1
lim ) f(x;)dx.
k=0
Ki hiéu z (téng s6) ciing nhu chir S c6 ngudn géc tir chir La-tinh "summa" (cé
nghia la téng s8). Dau tich phan .[ la mét bién dang don gian cda chir S.
b
Ki hiéu J.f(x)dx muén ndi rang day 1a gidi han cla téng cac s6 hang f(x;)dx; .

a
b

Thanh thi, gi6i han (1) dugc ki hiéu I j F(x)dx.

a
b

Cong thic jf(x)dx = F(x)|z vGi F 1a nguyén ham tuy y cta f néu Ién mai lién hé
a

gilra tich phan va nguyén ham va ki hiéu Jf(x)dx dugc dung dé chi cac nguyén

ham cua f. Viéc coi J.f(x)dx la mot nguyén ham bat ki cla f dan dén cong thic truc
b

quan va tién Igi la If(x)dx = (jf(x)dx)‘ Ngudi ta con goi If(x)dx la tich phan

xac dinh va Jf(x)dx la tich phan bat dinh (khéng xac dinh) cta ham f.
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§ 4 MOT SO PHUONG PHAP TINH TiCH PHAN

1. Phuong phap doi bién so

Co s6 clia phuong phap déi bién so 1a cong thitc sau day.

b u(b)
[ flueom de = | fapdu, (D)
a u(a)

trong d6 ham s6 u = u(x) c6 dao ham lién tuc trén K, ham so
y= f(u) lién tuc va sao cho ham hop f[u(x)] x4c dinh trén K ;
a va b la hai s6 thuoc K.

Cong thic (1) dugce chitng minh nhu sau :
Goi F 1a nguyén ham ca f . Khi d6 vé& phai ctia (1) 1a F [u(b)] - F [u(a)].
Theo dinh 1i 1, §2, v€ trdi ctia (1) 1a
b
(Flu))| | = Flu(h)] - Flu(a)].
Ta thdy v€ trdi bang v€ phai. Vay (1) dugc chiing minh. O
Cong thitc (1) duoc goi 12 cong thitc doi bién so.
Phuong phép doi bién s6 thudng dugc 4p dung theo hai cdch sau day.
b
Cdch 1. Gia st ta can tinh .[ g(x)dx. Néu ta viét duoc g(x) dudi dang
a
f[u(x)]Ju'(x), thi theo cong thic (1) ta c6
b u(b)
[eydr = [ faodu.
a u(a)
u(b)
Vay bai todn quy vé tinh I f(u)du. Trong nhiéu trudng hop viéc tinh tich

u(a)
phan méi nay don gian hon.

2
Vidy 1. Tinh [xe*dx.
1
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Gidi
Z X2 1 X2 2 = 2 Z Z
Tacod xe dx:§e d(x7). batu= x~ tacéu(l) =1, u(2) = 4. Do d6

4 u

2
X2 _ (€ _ 1 4
{xe dx = !Tdu = E(e —e).

3
[H1] Tinh [\2x+3dx béng cach dait u=2x+3.
1

B
Cdch 2. Gia su ta can tinh .[f(x)dx. bat x =x(t) (t € K) va a,b € K thoa
o

man a =x(a), f =x(b) thi cong thic (1) cho ta

B b
[ Fodx = [ fLrlx'(a.

b
Vay bai todn quy vé tinh J g(t)dr (6 d6 g(r) = flx(#)].x'(¢)). Trong nhiéu
a
truong hop, viéc tinh tich phan méi nay don gian hon.
1
Vi du 2. Tinh j\/l — 7 dx.
0
Gidi

bat x =sint. Tacé dx = d(sin¢t) = costdt,0=sin0Ova 1 = sing.

Y
1 2

Vay J' 1-x?dx = J.\/l — sin® r.costdr.
0 0

Vite [O;g} nén \ll—sinzt = cost. Do doé
ud r T
1 2 2 . >
2 4 2 1 1 sin2t 2 _m
5\/1—)( dx = .([cos tdt —E_([(1+00s2t)dt =5l 1+ T

1
2

[H2] 7inn | béing cach dat x = sint.
0

dx
\/1—)(2
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2. Phuong phap tich phan ting phan
Tuong tu nhu phuong phap 1ay nguyén ham tiing phén, ta cling c6 phuong
phép tich phan timg phan. Co s& ctia phuong phdp nay la cong thiic sau day.

b b b
j u(x)'(x)dx = (u(x)v(x))\a - j vou'(x)dx,  (2)

trong d6 cac ham s6 u, v c6 dao ham lién tuc trén K va a, b 1a hai s0
thuoc K.

That vay, theo dinh 1i 2 §2, ta c6

Tu(x)v'(x)dx = (J‘u(x)v'(x)dx)‘z = (u(x)v(x) — jv(x)u'(x)dx)z

b
b b b
= (uCxwo), ~([ v(x)u'(x)dx)‘ = (uCe()| = [veou'(x)dx. O
a
a
Cong thiic (2) goi la cong thiic tich phdn ting phdn va con dugc viét
b
- I vdu.

a

b
dudi dang Iudv = (uv)
a

1
Vidy 3. Tinh [ xe*dx.
Gidi. Chon u(x) = x, v'(x) = e*. Khi d6 u'(x) = 1, v(x) = ¢*. Do d6

1xexdx: xe" ]—lexdx:e—(e—l):l.
fraen(oe)

2
Vi du 4. Tinh jxlnxdx.

0

2
Giai. Chon u = Inx, dv = xdx. Khi d6 du—% v=%- Do do6
2 2 2 5
jxlnxdx —lnx J’ — 22—
1 4

xsin x dx.

Tinh

S —| 3
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Cau hai va bai tap
17. Dung phuong phdp ddi bién so tinh céc tich phan sau :
1

T
4 1

a) [V ldr b) [t ) [Pa+iya:
0 0

0 COS X

dy; f) |- cos3x)sin3xdx.

S —\ 3

1 3
'([(x + 4y o '(').\/x +1

18. Dung phuong phép tich phan ting phan dé tinh céc tich phan sau :

2 1
a) [ Inxdx ; b) f(x + e dx ;
0
T
n 2
) Iex cosxdx; d) j-xcosxdx.
0 0

Luyen tap
T
1 7
19. Tinh a) j\/ﬁ +2t(2 + 5thde ; b) J-xsinxcosxdx.
0
T l \/5 3
. 4 . x dx
20. Tinh a)|5(5 —4cost) sintdt ; b) .
'[ E')‘ \/x2 +1

21. Gia sit F la mot nguyén ham clia ham s6 y = SINY ren khoang (0 ; +0).

Khi d6 j szxdx 12
(A)F(3)—F(1); (B) F(6) - F(2) ;
OF4) -FQ2); (D) F(6) - F(4).
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22,

23.

24.

25.

162

Chiing minh rang

1 1
) [f)dy = [ £(1 - x)dv ;
0 0

1 1
b) [ f)dy = [[f(x)+ f(-0)]dx
-1 0

Cho J.f(x)dx 3. Tinh j f(x)dx trong c4c truong hop sau :

a)f la ham s¢ 1¢€ ;

Tinh cac tich phan sau :

2
a) szex3dx :

g
c) j-x 1+x2dx;
0

Tinh cac tich phan sau :

a)

xcos2xdx ;

(@)
~

O3 O— |3

x“cosxdx ;

-1

b) f 1a ham s6 chan.

21
b) J;(ln x)2dx ;
1

T

2
) I ’ 3l ‘ ~[1 j:rosslflx
b) J‘lné2_ :

&
d) _[xz x3+1dx; e) szlnxdx.

UNG DUNG TICH PHAN
5 PE TINH DIEN TICH HINH PHANG

Trong thuc tién cudc song cling nhu trong khoa hoc ki thuat, nguoi ta can
phai tinh dién tich clia nhitng hinh phang ciing nhu thé tich clia nhing vat
thé phiic tap. Chang han :

Khi x4y dung mot nha mdy thuy dién, dé tinh luu lugng clia dong song ta phai
tinh dién tich thiét dién ngang cua dong song. Thiét dién d6 thuong 1a mot

hinh kha phuc tap.



Khi déng tau, cdc ki su cin xdc dinh thé tich clia khoang thu c6 hinh dang
dac biét.

Tru6c khi phép tinh tich phan ra doi, v6i méi hinh va mdi vat thé nhu vay
ngudi ta lai phai nghi ra mot cach dé tinh. Su ra doi cua tich phan cho chiing
ta mot phuong phép téng quét dé giai hang loat nhitng bai todn tinh dién tich
va thé tich néi trén.

Trong §5 ta néi vé ting dung tich phan dé tinh dién tich hinh phang va trong
§6 néi vé ting dung tich phan dé tinh thé tich vat thé.

Trong dinh 1i 1 §3, ta da biét : Néu y = f(x) 1a mot ham lién tuc va lay gid tri
khong am trén doan [a ; b] thi dién tich S cua hinh thang cong gidi han boi do
thi ham s6 y = f(x), truc hoanh va hai dudng thing x=a, x=b la

b
S = [fGdx.

Viéc tinh dién tich hinh phang gi6i han bdi cdc dudng cong thudng ducc quy
vé tinh dién tich ctia hinh thang cong bang cach chia hinh phang d6 thanh mot
s0 hinh thang cong.

Vi du 1 (Dién tich hinh elip). Tinh dién tich ctia hinh phang gi6i han bdi elip :

-
L

X"y
—+—==1((@>b>0).
a> b’

N z N ., N PEETS N — a Y
nam trong gbéc phan tu thd nhat. B6 1a mot “ .

y
Gidi /
Ta tinh dién tich S cia mot phan tu hinh elip \\0

hinh gi6i han boi d6 thi ham s6 y = g\/az —x2,

truc hoanh, truc tung va duong thang x = a (h.3.5). Hinh 3.5
mn .
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a
Vay § = Ié\/az — x% dx.
04
Ta tinh tich phan trén biang phuong phép ddi bién s6.

bit x = asint. Tacéd
) ) . . T
dx = d(asint) = acostdr, 0 = asin0 va a = asmE.
Do do6

\/a2 — a*sin’t.acostdt

a
J- a> — x*dx =
0

O =] 3

T

2
Va? cos® t.acostdr = Iaz cos? tdr
0
N T N
(vite [O ; —} nén Vcos’t = coSst).

2

]
S —0| 3

T

3 .
Suy ra S =ab'[cosztdt = a—b[t + szrj
0

n
2 abm

1

2 2

Vay dién tich hinh elip 1a 45 = nab.
e Mot cdch tong quat, ta c6

Né&u ham s6 y = f(x) lién tuc trén doan [a ; b] thi dién tich S cla
hinh phang giéi han béi d6 thi ham s6 y = f(x), truc hoanh va
hai dudng thang x=a, x=b la

b
S= [|£] dx. (1)

Vi du 2. Tinh dién tich S clia hinh phing giéi han bsi d6 thi ham so

y= -1, dudng thang x = 2, truc tung va truc hoanh.
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Gidi. (h.3.6) Pat f(x) = x* — 1. N
Ta thay fix) <0 trén [0 ; 1] vafix) >0
trén [1 ; 2]. T
Theo cong thic (1), dién tich S cla i
hinh dang xét 1a 3
2 ~
s= [lx* ~tlax !
0 0] .
1 2 i e
= j(l—x3)dx+j(x3 ~ )dx
1

0 Hinh 3.6
_3, 17
T4 4 27
[H1| 7im dien tich hinh phéng gidi han
b3i d6 thi ham s6'y = 4 — x%, duong thdng ¥
x =3, truc tung va truc hoanh. »
e D& tinh dién tich S ctia hinh phing \%
gi6i han bdi d6 thi cdc ham s6 y = f(x), 2 X j _
y = g(x) lién tuc trén doan [a ; b] vahai O] ¢ N b x
dudng thing x =a, x=b (h.3.7), ta c6 )
cong thuc sau : s -
b = =
= [1£(x) = g(x]dx. ) Hinh 3.7
a
Vi du 3. Tinh dién tich S cua hinh YA

phéng gi6i han bdi parabol y = 2 — x?
va dudng thang y = —x.

Giai (h.3.8)

Trudc hét, ta tim hoanh do giao diém
cac do thi clia hai ham s6 da cho bang

cach giai phuong trinh 2 — X% =—x. -2 /-1 2
Ta co
1+
2 N N
2—-x"=—xox=—-1vax=2. N

Hinh phing dang xét giéi han bdi cic do 24
thi cia hai ham s6 y =2 — x%, y = —x
va hai duong thé.l’lg x=-1, x=2. Hinh 3.8
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Theo cong thic (2) ta c6

2
S = j(2+x—x2)dx
-1

2 3
X X
=2y + 2
(x+2 3]

[H2| Tinh dien tich hinh phing gidi han bdi dubng thdng y = x + 2 va parabol

y=x2+x—2.

2

SN

-1

e D¢ tinh dién tich mot s6 hinh phang phiic tap hon ta phai chia hinh da cho
thanh mot s6 hinh don gian ma ta da biét cach tinh dién tinh.

Vi du 4. Tinh dién tich S clia hinh phing H gi6i han b&i dé thi ham s6
y = Jx , truc hoanh va duong thing y = x — 2.

Giai (h.3.9)

Ta tim hoanh do giao diém céac d6 thi

cﬁahaihémsé)'y:\/; vay=x-2 yA c
bing cich gii phuong trinh vx =x-2. A = ,
Két qua duoc x = 4. 14 : i
Dién tich S cta hinh H bang dién tich H B Ai R
hinh tam gidc cong OCA tru di dién 3 4 x

tich hinh tam gidc ABC.

Dién tich hinh tam gidc cong OCA la

. 2 3 6
=2 =22,

j\/; dx = 35| =3

0 0 Hinh 3.9

Dién tich hinh tam gidc ABC la
AB.AC _ 22 _
22

2.




CHUY
Tuong tu (bang cédch coi x 1a ham cua bién y) thi dién tich S ctua

hinh phang gi6i han bdi cic dudng cong x = g(y), x = A(y) (g vah 1a
hai ham lién tuc trén doan [c ; d]) va hai duong thing y=c, y=d la

d
S = [l = h(y)|dy. 3)

Chang han trong vi du 4, coi hinh H 13 hinh phing gi6i han boi
duong cong x = y2, dudng thang x = y + 2, truc hoanh y = 0 va

dudng thang y = 2. Do do, ta c¢6 thé tinh ngay S theo cong thiic (3)
nhu sau :

2
10

3

p 2 )’2 y3
S=Jo+2-ydy=|F+2y -5
0

0

Cau hoi va hai tap
26. Tinh dién tich hinh phang gidi han bdi do thi ham s6 y = sinx + 1, truc hoanh

va hai duong thalmg x=0vax= 7%

27. Tinh dién tich hinh phang gi6i han b :
a) DO thi ham s6 y = cos x, truc hoanh, truc tung va dudng thang x = 7 ;
b) D6 thi hai ham s6 y = /x vay= Jx ;
¢) D6 thi hai ham s6 y =2 x? vay = x* —2x? trong mién x > 0.

28. Tinh dién tich cdc hinh phing gi6i han béi :

a) D6 thi cdc ham s6 y = x>— 4, y = —x> — 2x va hai dudng théng x = -3,
x=-2;

b) D6 thi hai ham s6 y = x> — 4 vd y = — x> — 2x;

c) Do thi ham s6 y = x> — 4x, truc hoanh, dudng thing x = -2 va dudng
thang x = 4.
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NG DUNG TiCH PHAN PE TINH
THE TICH VAT THE

1. Tinh thé tich cua vat thé

168

Cho mot vat thé

trong khong gian b
toa do Oxyz. Goi B
12 phan cla vat thé
gi6i han boi hai
mat phang vuong
goc vai truc Ox tai
cdc diém a va b.
Goi S(x) la dién
tich thiét dién cta
vat thé bi céat boi

Hinh 3.10

mat phang vuong goc véi truc Ox tai diém c6 hoanh do x (a < x < b)
(h.3.10).

Gia sir S = S(x) 1a mot ham s6 lién tuc. Ngudi ta ching minh dugc rang thé
tichV ciaB la

b
V = jS(x) dx. (1)

St dung cong thitc (1) ta tim dugc cong thifc tinh thé tich clia mot s6 vat thé
quen thudc trong hinh hoc.

Vi du 1 (Thé tich khoi chép cut). Cho khéi chop cut ¢6 chiéu cao h, dién tich
ddy nho va ddy 16n thi ty 1a Sy, S;. Chlng minh rang thé tich V ctia n6 la

h o



2.

Giai

Trong hé truc toa do Oxyz,
ta dat khoi chop (sinh ra 71
khoi chdép cut) sao cho
duong cao nam trén truc

Ox va dinh trung véi goc

toa do.
Goi a va b lan luot la

khoang cach tr O dén day

nho va déy 16n, ta c6 chiéu Hinh 3.11

cao cua khoi chop cut la

h=b—a (h3.11). Thiét dién clia khéi chép cut cat béi mat phang vuong
gbc Vi truc Ox tai diém c6 hoanh do x (a < x < b) 1a mot da gidc dong dang

véi ddy 16n véi ti s6 dong dang 1a %.
X
Taco — = —.VayS(x) = §;, —.

Theo cong thic (1), ta co

R oxr S —-d)  b-a Sa* +Sab+ S’
V=[$5dr = = :
b* 3b* 3 b?

h{Sa> Sa
:5(22 +]T+Slj'

Dé y rang S, = S(a)—Sla A ,f =550 nenV——(SO+JSOS +8)).

Nhdn xét. Khoi chép duge coi 1a khéi chép cut ¢6 S, = 0. Vi vay, thé tich V

ctia khéi chdp ¢6 chiéu cao /i va dién tich ddy S 1a

Sh
V—?-

Thé tich khdi tron xoay

Mot hinh phing quay xung quanh mot truc nao dé tao nén mot khoi
tron xoay.
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e Cho ham s6 y = f(x) lién tuc, khong am trén y
[a ; b]. Hinh phang gi6i han boi d6 thi ham s6
y = f(x), truc hoanh va hai dudng thing x = a,
x= b quay quanh truc hoanh tao nén mot
khoi tron xoay (h.3.12). Thé tich V cta né
duoc tinh theo cong thiic

b
V=x[fiode. @) Hinh 3.12

That vay, thiét dién clia khoi tron xoay cat bdi mat phang vuong géc véi
truc Ox tai diém x (a < x <b) la mot hinh tron ban kinh fix). Do dé

S(x) = nfz(x) . Vi thé, tir cong thiic (1) ta suy ra cong thic (2).

Vi du 2 (Thé tich khoi chom cdu). Cho mot khoi chdm cdu ban kinh R va
chiéu cao h. Chiing minh ring thé tich V ctia khéi chém cau la

2 h
= R - .
V= nh ( 3j

Gidi

Trong mat phang Oxy, xét hinh phang gi6i
han bdi cung tron tam O ban kinh R cd
phuong trinh y = VR? — X2, truc hoanh va
duong thang x = R—h (0 < h < R). Quay
hinh phéng dé quanh truc hoanh ta thu duoc

khoi chdm ciu ban kinh R chiéu cao h
(h.3.13).

Theo cong thic (2) thé tich ctia kh6i chom

cau la
Hinh 3.13
R 3
B 2 2 B 2 X ||R
V=r [ (R —x)dx—n(Rx SJ‘M
R-h
s R, (R - hy’ > h
=R~ =~ R(R-h)+——— | =nh’| R- 3 |.
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Nhdn xét

Khoi ban cau ban kinh R duoc coi l1a khoi chém cau ban kinh R va chiéu cao
h = R. Vi vay, thé tich ctia kh6i bdn cdu bdn kinh R 1a

3
V:nRZ[R—£)= 2R

3 3
Do d6, thé tich hinh cau ban kinh R 1a
4nR>
V= .
3

[H] Xet hinh phdng gidi han béi d6 thi ham s6 y = x*, cac dutng théng x = 1,

X =2 va truc hoanh. Tinh thé tich khéi tron xoay tao thanh khi quay hinh phang dé
quanh truc hoanh.

e Tuong tu, cho duong cong c6 phuong yA
trinh x = g(y), trong d6 g 1a ham so6 lién
tuc va khong am trén doan [c ; d].
Hinh phang gi6i han b&i dudng cong

x= g(y), truc tung va hai dudng thang

y = ¢,y = d, quay quanh truc tung tao
nén mot khaoi tron xoay (h.3.14). Thé
tich V ctia n6 dugc tinh theo cong thiic Ol

Hinh 3.14

d
V=nf@mdy. 3

That vay, tir cong thiic (2) bang cdch xem x 12 ham clia bién y ta suy ra cong
thac (3). O

Vi du 3 (Thé tich khoi nén cut). Cho A
khéi nén cut ¢6 chiéu cao A, ban kinh
ddy 16n va dday nho lan luot 1a R va r.
Chiing minh rang thé tich V cla khoi !
noén cut dé 1a

V= %nh(Rz + Rr+ 1)
Gidi
Trong mat phang toa do Oxy xét hinh
thang vuong OABC v6i OA=h, AB=rva
OC =R (h.3.15). Quay hinh thang d6 quanh
truc Oy ta dugc khoi nén cut da cho.

Hinh 3.15



Gia st BC kéo dai cat Oy tai D. Pat AD =1, OD = a. Ta c6 a — [ = h. Phuong

trinh dudng thing BC 1a x = @. Theo cong thic (3) ta c6
h 2 2 2
0 a 3a
2 2 2
= ﬂz(a—l)(a2 +al +1%) = il h{l+£+(£) }
3a 3 a \a
Vi L2 Z nen khi thay - béi - ta duoc
a R y a R ’
1 { r r 2} 1
I ro(ry |2t 2 L2
V_3Rh1+R+(Rj 3Tth(R + Rr +r°). O

Nhdn xét. Khi R = r, khéi nén cut trd thanh khoi tru ¢6 chiéu cao 4 va ban
kinh ddy R. Vi vay, thé tich cta khai tru 1a

V= %nh(Rz + R> + R?) = tR*h.

Khi r = 0, kh6i nén cut trd thanh khoi nén c6 chiéu cao £ va ban kinh déay R.
Vi vay, thé tich cua khoi non 1a

V= %nha.

n 72w . .« m n
Cau hoi va hai tan

29. Tinh thé tich cha vat thé nim gita hai mat phang x = —1 va x = 1, biét ring
thiét dién clia vat thé bi cit bdi mat phang vuong géc vé6i truc Ox tai diém co
hoanh d¢ x (-1 <x < 1) la mot hinh vuong canh 1a 21 — x2.

30. Tinh thé tich clia vat thé nim giita hai mat phang x = 0 va x = =, biét ring
thiét dién clia vat thé bi cit bdi mat phang vuong géc véi truc Ox tai diém c6
hoanh do x (0 < x < ) 1a mot tam gidc déu canh 1a 2+/sin x.

31. Cho hinh phing A gi6i han bdi cdc dudng y = 0, x = 4 va y = v/x —1. Tinh thé
tich ctia khoi tron xoay tao thanh khi quay hinh A quanh truc hoanh.
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32. Cho hinh phang B gi6i han boi cac duong x = ; ,x=0,y=1vay=4.Tinh
thé tich chia khéi tron xoay tao thanh khi quay hinh B quanh truc tung.

33. Cho hinh phéing B gi6i han béi cic duong x = \/gyz ,x=0,y=-1vay=1.
Tinh thé tich ctia khdi tron xoay tao thanh khi quay hinh B quanh truc tung.

Coa’b/\
SR

1. Al LA NGUOI PHAT MINH RA PHEP TiNH TiCH PHAN ?

Cung véi phép tinh vi phan, phép tinh tich phan la mot thanh tuu 16n cla tri tué nhan
loai. N6 da tao nén mot budc ngoit 16n trong su phat trién cla khoa hoc va trd thanh
mot cong cu sic bén, day siic manh dugc cac nha khoa hoc st dung réng rai trong
nghién clu cling nhu trong (ng dung thuc tién.

Phép tinh vi phan va tich phan do hai nha bac hoc 16n la Niu-ton (I. Newton 1643 — 1727),
ngudi Anh va Lai-bo-nit (G. Leibniz 1646 — 1716), ngusi Dlc, sang tao ra dong thdi
va doéc lap véi nhau.

Thuc ra day Ia mét cudc chay ti€p slc clia nhiéu thé hé cac nha bac hoc xuat sic
trong nhiéu thé ki. Truéc Niu-ton va Lai-bo-nit hai nghin nam, nha bac hoc Ac-si-mét
da c6 y tudng dau tién vé phép tinh tich phan. Trong blc thu gli ngudi ban, éng da
dua ra mét phuong phap méi goi 1a "phuong phap vét can" va da st dung né dé giai
nhiéu bai toan tinh dién tich, thé tich, chiéu dai cung. D6 14 tién than cla phép tinh
tich phan. Sau 6ng nhiéu nha toan hoc khac ciing tham gia mé dudng cho su ra doi
cla tich phan, trong d6 phai ké dén nhiing déng gép xuét sic ctia cac nha khoa hoc
nhu J. Ké-ple (J. Kepler), Ca-va-li-o-ri (B. Cavalieri), Phéc-ma, Dé-cac, Ba-rau (I. Barrow).

Ngay nay cac nha nghién c(tu déu nhat tri rang vé mat thdi gian, Niu-ton kham pha
ra phép vi tinh vi - tich phan truéc Lai-ba-nit khodng 10 nam nhung Lai-bo-nit lai cho
coéng bd céng khai cong trinh cla minh trude Niu-ton téi ba nam. Vé hinh thirc, phép
tinh tich phan cla Niu-ton va phép tinh tich phan cla Lai-bc-nit khac nhau ro rét.
Niu- ton trinh bay cac két qua clia minh dudi ngon ngit Hinh hoc, con Lai-bo-nit dung
ngdn nglr Dai s6. Cac ki hiéu cla Lai-bo-nit phong phu va thuan tién hon nhiéu so
vGi cac ki hiéu cla Niu-ton (dau tich phan va céc ki hiéu vi phan, dao ham ma ching
ta dung ngay nay la cla Lai-bo-nit). V& su két hop gilta phép tinh vi — tich phan voi
cac nghién cliu vé khoa hoc tu nhién thi Lai-bo-nit khéng sau sic bang Niu-ton
nhung diing trén goc do toan hoc thi phép tinh vi - tich phan clia Lai-bo-nit thé hién
mot tdm nhin bao quéat hon, mét tri tudng tuong tinh t& hon.
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2. VAINET VE cuQC b0l VA SU NGHIEP CUA NIU-TON
VA LAI-BO-NIT

1) Niu-ton (1643 — 1727) la nha toan hoc, vat li hoc, co hoc
va thién van hoc vi dai ngusi Anh. Ong sinh ra & mét viing
qué & nudc Anh. Ngudi cha qua ddi trudc khi éng ra daoi.
Ngusi me vi qua dau budn nén sinh 6ng thiéu thang. Luc
méi sinh 6ng bé t6i mic dat dugc vao mot chiéc coc to.
Khong ai ngd rang dira bé quat queo nhu vay lai c6 thé tho
t6i 85 tudi va trd thanh mét nha khoa hoc vi dai nhu vay.
Niu-ton dugc ngudi duong thdi mé ta 1a c6 tdm véc trung
binh, béo chac, dau ludn doi téc gid, cdé déi mat sang va
thong minh. Ong séng rat gian di, khiém nhudng, say mé
vGi cong viéc va rat dang tri.

2) Lai-bo-nit (1646 — 1716) la nha toan hoc, vat li hoc, triét
hoc thién tai ngudi Pic. Ong sinh & thanh phé Lai-xich
(Leipzig), la con trai mot gido su triét hoc. TU lic 6 tudi 6ng
da suét ngay mé mai doc sach. Nam éng 7 tudi thi cha 6ng
qua doi. Nam 15 tudi 6ng da vao dai hoc va hoc vé luat
hoc, triét hoc va toan hoc. Nam 20 tudi (nam 1666) 6ng da
bdo vé luan an tién si luat hoc déng thdi ciing cong bd
céng trinh todn hoc dau tién cla minh véi nhan dé :
"Nhiing suy nghi vé nghé thuat t6 hop". Sau dé 6ng dudc
b& nhiém lam quan chic ngoai giao tai Phap.

Nhiing c6ng hién vé toan hoc chi la mét phan nhé trong su
nghiép cla 6ng. O thdi dai 6ng, ngudi ta biét dén éng nhu
mot nha ngoai giao, nha luat hoc va nha triét hoc. Ong biét Gottfried Leibniz

rét nhiéu ngoai ngi va hau hét cac kién thiic clia 6ng déu (1646 — 1716)

c6 dugc bang con dudng tu hoc.

Lai-bo-nit dugc ngudi duong thdi mé ta & c6 thé trang gay go, tdm thuéc, da xanh va
ciling luén deo toc gid. Tri nhé clia 6ng cling khac ngudi thuang : Nhiing diéu khé
hiéu dudc 6ng nhd rat tét nhung nhing diéu dé hiéu thi 6ng lai quén ngay.

N\

Isaac Newton
(1643 — 1727)

Luyen tap

34. Tinh dién tich hinh phang gi6i han boi :
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2
TRV R ” N X N
a)DOth;cachamsoy:x,y:IVay=TtrongmwanO,ySl;

b) D6 thi hai ham s6 y = x* —4x? + 4, y = x?, truc tung v dudng thing
x=1;

¢) D6 thicdchams6 y = x%, y=4x—4 va y = —4x — 4.



3S.

36.

37.

38.

39.

40.

41.

42.

Tinh dién tich hinh phang gi6i han b :

a) Do thi haiham s6 y= x> + I vady=3 — x ;

b) Cic dudng x= y>,y=1vax=8;

¢) D6 thi hai ham s6 y = vx, y =6 — x va truc hoanh.

Tinh thé tich clia vat thé T nim gifta hai mat phing x = 0 va x = 7, biét ring
thiét dién ctia vat thé cat bdi mat phang vuong géc vé6i truc Ox tai diém cé
hoanh do x (0 <x < 1) 1a mot hinh vuong canh Ia 2 v/sin x.

Cho hinh phing A gi6i han béi cdc dudng y = X2, y=0,x=0vax=2. Tinh
thé tich chia khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.

Cho hinh phing A giéi han bdi cic duong y = cosx, y=0,x=0va x = %
Tinh thé tich cta khdi tron xoay tao thanh khi quay hinh A quanh truc hoanh.

X

Cho hinh phéng A giéi han boi cdc dudong y = xe?,y=0,x=0vax=1. Tinh
thé tich ctia khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.

Cho hinh phéng B gidi han bdi cdc dudng x = /2sin2y ,x=0,y=0va y = g

Tinh thé tich ctia khdi tron xoay tao thanh khi quay hinh B quanh truc tung.

Cau hai va bai tap on tap chuang I

Tim nguyén ham cuia cdc ham s6 sau (tir bai 41 dén bai 43):

)y = 2x(1-x7) ; by =8 —— :
x4

s .3 in(2.x + 1)

¢)y= xZsin(x? +1) ; dy= T
cos“(2x +1)

a)y= %cos(l—lj ; b)y= x3(l+x4)3 ;

x x

2x

C)y=m?5 ; d)y= x’e".
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43.
44.

45.

46.

47.

48.

49.

50.

S1.
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a)y=xe ' ; b)yzlnTx.

Tim ham s6 y = f(x) néu biet dy = 12x3x> — > dxvaf(1) = 3.

b
Xac dinh s6 b duong dé tich phan J‘(x — x?)dx ¢6 gia tri 16n nhat.
0

9 9 9
Cho biét [ f(x)dx = -1, [ f(x)dx = 5, [g(x)dx = 4. Hay im
1 7 7

9 9
a) [-2f(x)dx ; b) [If(x) + g(o)ldx ;
1 7
9 7
o) [12f(x) = 3g(x)ldx ; d) [ f(x)dx.
7 1

Cho ham s6 f lién tuc trén [a ; b]. Ti s6
b
1
b—a If (x)dx
a

duoc goi la gid tri trung binh ciia ham s6f trén [a ; b] va dugc ki hiéu 1a m(f).
Chitng minh rang ton tai diém ¢ e [a ; b] sao cho m(f) = f(c).

Gia st mot vat tir trang thdi nghi khi 7 = 0 (s) chuyén dong thang véi van toc
v(t) = (5 — t) (m/s). Tim quang duong vat di dugc cho t6i khi n6 dung lai.

Mot chat diém A xuat phét tit vi tri O, chuyén dong thang nhanh dan déu ;
8 gidy sau n6 dat dén van t6c 6m/s. Tur thoi diém d6 n6é chuyén dong thang
déu. Mot chat diém B xuat phat tir cung vi tri O nhung cham hon 12 giay so
v6i A va chuyén dong thang nhanh dan déu. Biét ring B dudi kip A sau 8 giay
(ké tir Itic B xuat phat). Tim van toc ctia B tai thoi diém dudi kip A.

Tinh cac tich phan sau :

T

2 2 3
a) J-xz sin2xdx ; b) Ix(zxz +Ddx; ¢ J‘(X—l)exz_zxdx,
0 1 5

Tinh dién tich céc hinh phang gidi han bdi :
a) D6 thi cdc ham s6 y =4 —x>, y=—x+2;

b) C4c dudng cong c6 phuong trinh x =4 — 4y vax =1 —y” trong mién x > 0.



52.

53.

54.

5S.

56.

57.

58.

59.

Tinh dién tich clia c4c hinh phéng gii han boi :

a) Parabol y = x* — 2x + 2, ti€p tuyén clia né tai diém M(3 ; 5) va truc tung ;
b) Parabol y = —x? +4x — 3 va céc ti€p tuyén cha né tai cic diém A(0 ; —3) va
B(@3;0).

Tinh thé tich clia vat thé nim gitta hai mat phang x = 0 vd x = 2, biét ring thiét
dién cha vat thé bi cit béi mit phiang vuong goéc véi truc Ox tai diém co

hoanh do6 x (0 <x <2) 1a mdt nira hinh tron dudng kinh J5 22

Xét hinh phang gii han béi duong hypebol y = % va céc dudng thang y =1,
y =4, x = 0. Tinh thé tich ctia khoi tron xoay tao thanh khi quay hinh phing
d6 quanh truc tung.

Cho hinh phéng A gi6i han boi d6 thi ham s6 y = v/cos x (O <x< gj va hai

truc toa do. Tinh thé tich khoi tron xoay tao thanh khi quay A quanh
truc hoanh.

Cho hinh phéang A giéi han b&i dudng cong c6 phuong trinh x(y + 1) = 2 va
cdc dudng thang x = 0, y = 0, y = 3. Tinh thé tich khdi tron xoay tao duoc khi
quay A quanh truc tung.

Cho hinh phang A giéi han bsi dudng cong c6 phuong trinh x — y2 =0 va cac
duong thang y = 2, x = 0. Tinh thé tich khéi tron xoay tao thanh khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.

X
eZ

| —

Cho hinh phang A gi6i han béi dudng cong c6 phuong trinh y = x va céc

duong thang x = 1, x = 2, y = 0. Tinh thé tich khdi tron xoay tao thanh khi
quay A quanh truc hoanh.

Cho hinh phéng A gi6i han bdi dudng cong c6 phuong trinh y2 = x> va céc
duong thang y = 0, x = 1 trong mién y > 0. Tinh thé tich khdi tron xoay tao
dugc khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.
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60.

61.

62.

63.

64.

65.

178

Bai tap trac nghiém khach gquan
Trong moi bai tdp dudi ddy, hday chon mot phuong dn trong cdc phuong dn da
cho dé duoc khdng dinh diing.

dx
2x —1

5
Gia str I =Inc. Gid tri ctia c la
1

(A)9; B)3; (©) 81; (D) 8.

2
Gid tri cla j 2¢>*dx 1a
0
(A) et ; B) e —1; (C) 4e*; (D) 3e* — 1.
0
Gid tri cta j (x+ DPdx 1a
-1

7 1

2 1
(A) =5 B) —e5 © 5 D) -

Dién tich hinh phing nim trong géc phin tu thi nhat, giéi han bdi dudng
thing y = 4x va d6 thi ham s6 y =" 1a

(A)4; B)5; ©3; (D) 3.5.

Dién tich hinh phiang nim trong géc phan tu thit nhat, gidi han bdi hai dudng
thing y = 8x, y =x va dé thi ham s6 y=x" 1a

(A) 12; (B) 15,75 ; (©) 6,75 (D)4.

Dién tich hinh phing nidm trong géc phin tu thi nhat, giéi han bdi dudng
thing y = 2x va d6 thi ham s6 y =1 1a

4 3

. 5 23



66. Cho hinh phing A gi6i han béi d6 thi hai ham s6 y = x* va y=6 — |x|. Thé
tich khoi tron xoay tao dugc khi quay A xung quanh truc tung la
W ® on (©) 8 ; L

67. Cho a, b 1a hai s6 duong. Goi K 12 hinh phing nim trong géc phén tu thi hai,
gi6i han bai parabol y = ax* va duong thang y = —bx. Biét rang thé tich khoi
tron xoay tao dugc khi quay K xung quanh truc hoanh la mot s6 khong phu

thudc vao gia tri ctia @ va b. Khi d6 a va b thoa man di€u kién sau

A) b =24 ; B) b =24 ; ©) b =2a°; (D) b* =24,
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§ s® PHUC

1. Khai niém so phiic
Ta da biét rang céc phuong trinh X +1=0,x>+4=0 khong c6 nghiém thuc.
Mot cich tong quét cac phuong trinh bac hai vé6i hé s thuc AP +Bx+C=0m
biét thitc A < 0, chang han x> —2x+2=0 (biét thitc A = —4), déu khong c6
nghiém thuc.

Su phét trién cia todn hoc, khoa hoc doi hdi phai mé rong tap hop cic s6 thuc
thanh mot tap hop s6 méi goi 1a tap hgp cac so phic, trong d6 cé cac phép
toan cong va nhan véi cac tinh chat tuong tu phép toan cong va nhan so thuc
sao cho cdc phuong trinh néi trén déu c6 nghiém.

Muén thé, nguoi ta dua ra s6 i sao cho binh phuong clia n6 bang —1. Khi d6 i
12 mot nghiém cla phuong trinh x> +1 =0 va 2i 12 mot nghiém cla phuong
tinh x> +4 =0 ;con 1 +/ 12 mot nghiém cha phuong trinh x> —2x+2=0,
tic la phuong trinh (x — 1)2 +1=0,.. Cac s6 a + bi (a,b € R) goi la cac
sO phtc.

Vi cdc s6 phitc, nguoi ta con chiing minh duogc rang moi phuong trinh bac 2,
3, 4, ... déu c6 nghiém (phtc). S6 phic ciing lién quan chat ché véi hinh hoc
phéng, véi luong gidc , ... (xem bai Em c6 biét "Vai nét lich st phét trién
sO phuc", trang 197).

DINH NGHIA 1

Mot s6 phire 12 mot biéu thitc dang a + bi, trong d6 a va b 1a
nhiing s6 thuc va s6 i thoa man i = — 1. Ki hiéu s6 phtc do 1a
z vaviét z = a + bi.

i dugc goi 1a don vi do, a duoc goi 1a phdn thuc va b duoc goi
1a phdn do cla s6 phic z = a + bi.

Tap hop cac s6 phic dugce ki hiéu 1a C.
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CHUY
S6 phiic z = a + 0i ¢6 phan do bang 0 duoc coi 1a s6 thuc va viét 1a
a+0i=aeRcC.

S6 phtic ¢6 phan thuc bang 0 dugc goi 1a s6'do (con goi 1a s6 thuan 0)
z=0+bi=bi beR);i=0+1i=1i.

S60=0+0i =0i virala so thuc vira 1a s6 ao.
Vidul
S6 phitc z =2 + /3i ¢6 phan thuc bing 2, phén 4o bing /3.
S6 phiic z = — i (tdc 1a (—1)i) c6 phan thuc bang 0, phan 4o biang —1 ; d6 la
mot SO ao.
PINH NGHIA 2
Haiso phitc z = a + bi (a,beR),z'=a'+b'i (a',b'eR)
goi 12 bang nhau néu
a=a', b=>"
Khi d6 taviét z = z'.

El Khi nao sé phuc a + bi (a, b € R) bang 0 ?

2. Biéu dién hinh hoc s6 phiic
Ta da biét bi€u dién hinh hoc céc s6 thuc bdi cdc diém trén mot truc so.
D6i v6i cdc so phic, ta hdy xét mat phing toa do Oxy. Mdi s6 phic
z=a+ bi (a,beR) duoc biéu dién bsi diém M c6 toa do (a ; b). Nguoc
lai, rd rang mdi diém M(a ; b) biéu dién mot s6 phiic 1a z = a + bi. Ta con
viét M(a + bi) hay M(z).
Vi & d6, mat phang toa do véi viec biéu dién s6 phitc nhu thé duoc goi 1a mqit
phdng phiic.
Goc toa do O biéu dién s6 0.

Ciac diém trén truc hoanh Ox biéu dién céc s6 thuc, do d6 truc Ox con dugc
goi la truc thuc.
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Cic diém trén truc tung Oy biéu I L

dién céc s6 ao, do d6 truc Oy con ““““““ *E “““ “““

dugc goi la truc do. B 77777

Trén hinh 4.1 c6 céc diém O, A, B, VR

C, D, E, F theo tht tu biéu dién cic e o T %

s phic 0, 1, i, =2, -2i, 1 +2i,2 — i. R NN S S

Phép cong va phép trir so phirc **** D ’’’’

a) Téng cua hai so phitc o o
Hinh 4.1

DINH NGHIA 3

Téng cua hai so phitc z =a + bi, z'=a'+b'i (a,b,d, b € R)
la s6 phtic
z+z' =a+a + b+ b
Nhu vay, dé cong hai s6 phiic, ta cong céc phan thuc véi nhau, cong cdc phan
a0 v4i nhau.
Vidu2.Taco6 @B+i)+2-3)) =5-2i;
1-2)+@2+2i)) =3;
2-2i)+(-2+3i) =i.
b) Tinh chat cua phép cong so phiic
Tu dinh nghia 3, dé thdy phép cong cédc so phiic cé cdc tinh chét sau day,
tuong tu phép cong cac so thuc.
e Tinh chat két hop :
(z+z)+z"=z4+((E"+z") vé6imoiz,z', z" e C.
e Tinh chat giao hoan :
z+z =z'+zvéimoizz'e C.
e Cong v6i 0 :
z+0=0+z=z v6imoi z € C.
e VGi mdi s6 phic z = a + bi (a, b € R), néu ki hiéu s6 phitc —a — bi 1a —z

thi ta c6
z+(-z)=(-2z)+z=0.

S6 —z dugc goi 1a s6'doi cua so6 phiic z.
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@ Trong mat phang phtrc, cho diém M biéu dién s6 z. Hay tim diém biéu dién
s6 -z

¢) Phép trir hai s6 phirc
PINH NGHIA 4

Hiéu cua hai so phiic z va ' 1a téng cha z v6i —z ', tic 1a

z—z'=z+ (-z").

Néuz=a+bi, z'=a"+b"i (ab,d,b eR) thi

z—z'=a—a' +b->bi.

d) Y nghia hinh hoc ctia phép cong va phép trir sé phiic

Trong mat phang phiic, ta da coi diém M c6 toa do (a ; b) biéu dién s6 phiic
z=a+ bi. Ta cling coi mdi vecto # c6 toa do (a;b) biéu dién s& phic
z=a+ bi.

Khi d6, néi diém M biéu dién s6 phic z ciing c6 nghia 12 vecto OM biéu
dién s6 phiic do.

—

Dé thay ring, néu i, i' theo thit tu biéu dién cdc s6 phiic z, z' thi

i — i' biéu dién so phiic z — z'.

Vi du 3. Quan sét hinh 4.2, ta thy : Y
PG 4)

Vecto OM = ii ¢ toa do (1 ; 3)

, - 1;3)
biéu dién s6 phic z =1+ 3i ;

Vecto OM' = ii' ¢6 toado (2; 1)
biéu dién s6 phiic z' =2 +i ;

=
)
~
)
[Sa

Q -
=

Vecto OP =i +u' c6 toa do 32 B
(3;4) biéu dién s6 phic )
z+z'=3+4i; J(152)

(%)

Vecto O_Q'=MM'=IT—L7 ¢ toa
do (1 ; —2) biéu dién so6 phic
z'—z=1-2i.

K

Hinh 4.2



4. Phép nhan so phiic
a) Tich caa hai s6 phiic
Cho hai s6 phic z =a+bi, z'=a'+b'i (a, b,a',b' € R). Thuc hién phép
nhan mot cdch hinh thic biéu thiic a + bi véi biéu thic a'+ b'i, roi thay
i’ =-1, ta duogc
(a + bi)(a' +b'i) = aa' + bb'i* + (ab' + a'b)i
=aa'—bb' + (ab' + a'b)i.

Diéu d6 dan ta dén dinh nghia sau day.

DINH NGHIA 5

Tich cha haiso phitc z =a + bi vaz'=a'+ b'i (a,b,d, D' € R)
la s6 phtic
zz' = aa'— bb' + (ab' + a'b)i.
Vidu4. Taco
R-DA+2))=2+2)+@-Di=4+3i;
Q+DQ2-i) =@+1D)+(-2+2)i=5;
Q2+ +2)=(2-2)+(4+1)i=5i.
Nhdn xét. V6i moi s6 thuc k& va moi s6 phitc a + bi (a,b € R), taco
k(a + bi) = (k + 0i)(a + bi) = ka + kbi ,

dac biét 0z = 0 v6i moi s6 phtc z.
[H3] Neéu vecto ii biéu dién s6 phic z thi vecto kii (k < R) biéu dién s& phic nao ?
Visao ?

Vi du 5. Trong mat phang phiic, néu diém M biéu dién s6 phic z, diém M'
biéu dién s6 phiic z' (M khdc M) thi trung diém P clia doan thang MM ' biéu

dién s6 phiic %(z + z'). Diéu d6 suy ra tir he thic OP = %(O—M +OM'),
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Xét s6 phuc z=x+yi (x,y € R). Tinh 2% va tim téap hop cac diém cla mat
phéng phutc biéu dién céc sé phirc z sao cho z° Ia s6 thu.
b) Tinh chat cua phép nhan sé phiic

Tu dinh nghia 5, dé thay rang phép nhan cédc s6 phic ¢ cac tinh chit sau day
tuong tu phép nhan cac so thuc.

e Tinh chat giao hoan :
zz' =z'z véimoi z, z' € C.
e Tinh chat két hop :
(zz")z" = z(z'z") v6imoi z, z', z" € C.
e Nhan vé6i 1 :
l.z=z.1=z véimoi z € C.
e Tinh chat phan phoi (ctia phép nhan doi vé6i phép cong) :
z2(z'+z") =zz'+ zz" v6imoi z, z', z" € C.

T cdc tinh chét n6i trén ta c6 thé thuc hién phép todn cong va nhan céc s6
phiic theo cdc quy tac nhu phép todn cong va nhan cac so thuc.
Vidu6. (z+z)z—-z)=zz+z'z—zz'=-2'z' = 22—z

(z+zYz+z")=(z+ z')2 =72 + 222"+ 27 ;

(bi)* = b*i* = -b* (beR) ;

A+ =143 +3% +i° =2 +2i.
[H5] Hay phan tich =2 + 4 thanh nhan tit
5. So phiic lién hop va médun cta so phirc
a) SO phiic lién hop
PINH NGHIA 6

So phiic lién hop cta z =a + bi (a, b € R) 1a a — bi va duoc

ki hieu boi = .
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Nhu vay

— . . 1
zZ=a+ bi=a- bi. Y

Vidu7. 2+3i=2-3i;

—4-\2i = -4 +2i ;

i =—i;

=
O

]Y

- =1

o——f-—f -

=
=
o

e RO rang z =z nén ngudi ta con néi z va z
12 hai soé" phiic lién hop véi nhau (goi tat 1a Hinh 4.3

hai so phiic lién hop).

Hai s6 phtc lién hgp khi va chi khi cdc diém biéu dién cta ching doi xing
v6i nhau qua truc thuc Ox (h.4.3).

Chung minh réng 6 phuc z 13 s6 thuc khi va chikhi z = .

o Tr dinh nghia 6, dé suy ra :

V6i moi so phic z, z', ta c

z+z'=z+2z2";

zz' =z z'.
Chuing minh rang véi moi sé phirc z = a+ bi (a,b € R), tacod zz = a* + b

b) Modun cua so phirc

Ta da biét gia tri tuyét d6i cla s6 thuc a la
khoang cdch tir diém biéu dién a dén goc toa
do trén truc s6. Dé thay rang khoang céch tir M(z

diém M biéu dién s6 phic z = a + bi (a,b € R)

dén goc toa do O ctia mat phang phic 13
oM| = Va* + b2 =Nz (a4,

DINH NGHIA 7

=Y

Hinh 4.4

Modun cua s6 phitc z = a + bi (a, b € R) 1a s6 thyc khong am

\Ja* + b* va duge ki hieu 1 |z].
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Nhu vay

Néu z =a + bi (a,b e R) thi |zl =v/zz = Jd® + b°.
Vidu8. lil=1;[1+2il=v1+2% =+5.

Nhdn xét
1) Néu z la s6 thuc thi modun cua z 1a gia tri tuyét doi cta so thuc do.
2) z =0 khivachikhi |zl = 0.

Vi du 9. Trong mat phang phic, tap hop cac diém biéu dién céc s phiic z sao

cho |z| = 1 1a dudng tron ban kinh 1 véi tam tai géc toa do.

Ching minh réng |Z| =z| voi moi s6 phirc z.
6. Phép chia cho s6 phitc khac 0

Cho s6 phic z=a+bi (a, b e R) khédc 0. Ching minh ring s6

B 1 1 PRI -
Sl : 2(a—bi)=—2?Iéséthoamanzz1:1.
a- +b |z|

DINH NGHIA 8
So nghich dao cta so phic z khac 01as6 z 7! = #? :
z
1
Thuong z; cta phép chia s6 phic z' cho s6 phic z khac 0 la

z 7 1 2,2 A P . 2 2 P N Z’ " -
tich cua z' v6i so phiic nghich daocuaz, tiicla — =z'z L
z

Nhu vay
, A
I\IéUZ;'fOthl—:—2
©
CHU Y
z' 7'z zZ'z . .. .., Z' . w e e o
Do — = — = — nén dé tinh — ta chi viéc nhan ca tu so va
z |Z|2 7z z

mau sO véi z.
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Vidu 10
3-i_G-D0-D _2-4 ...
i dxna-n - 2 172

V242 (242002 +2i) _ 242 _ 2+42i _ -1+22i
N2 -2 (2-20(W2 420 (V2)2 422 6 3
-

l

Nhdn xét

. 1 _ _
1)V(’nz¢0,tac6;:1.z b=t

2) Dé thay rang thuong Z lase phiic w sao cho zw = z'. Tix d6 ¢6 thé néi
z
phép chia (cho s6 phiic khac 0) 1a phép toan ngugc cua phép nhan.

Tim s6 phtrc z thod man (1+ 2i)z =3z —1.

Cau hadi va bai tap

Cho céc s0 phtc

243 ;1+2i;2—1.
a) Biéu dién cdc s6 d6 trong mit phéng phiic.
b) Viét s6 phiic lién hop clia mdi s6 d6 va biéu dién chiing trong mat
phang phc.
c) Viét s6 doi clia mbi s6 phitc d6 va biéu dién ching trong mat phang phic.
Xéc dinh phan thuc va phan ao ctia mdi sd sau :
a) i + (2 —4i)— (3-2i) ; b) (V2 + 307 ;
c) 2+3)(2-3i); d) i(2 -3 +1i).

Xdc dinh céc s6 phitc biéu dién bdi cdc dinh ctia mot luc gidc déu c6 tam la
goc toa do O trong mat phang phifc, biét ring mot dinh biéu dién s6 i .

Thuc hién phép tinh

| 1 o 3-2i 3-4i

2-37 1 3.7 i 4—i
777
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10.

190

NG

+ Tl

Hay tinh : l;7;22;(7)3;1+z+22.
z

Cho z = -

|~

Chiing minh rang :
a) Phan thuc cua s6 phiic z bang %(z +Z), phan ao cua s6 phiic z bing
=)

b) S6 phitc z 1a s6 ao khi vachikhi z=-7 ;

¢) VG6i moi s6 phic z, z',tacd z+z'=z+2z', zz'=72.Z',vanéu z # 0 thi

Chiing minh rang véi moi s6 nguyén m > 0, ta ¢6

l-4m+2 =1 : l-4m+3 —
Ching minh rang :

a) Néu vecto i clia mat phang phitc biéu dién s phiic z thi do dai clia vecto
it 1a lidl = 2], va tir 46 néu céc diém A, A, theo thit tu biéu dién cdc s6 phic

1, Zo thi ‘AlAz‘ = |22 -7

b

z' |z

zl

b) V6i moi s6 phiic z, z', tacé |zz'| = lzllz' vakhi z # 0 thi

z

¢) V6i moi s6 phic z, z', ta co |z + 2| <z +1z1.

X4c dinh tap hop cdc diém trong miat phang phitc biéu dién cic so phiic z
thoa man timg diéu kién sau :

a)lz—il=1: by |27 =1; o) lzl = 17— 3 + 44,
z+1
Luyén tap
Chiing minh rang v6i moi s6 phic z # 1, ta ¢
10
l+z+2+..+22=1 1-
z—1



11.

12.

13.

14.

15.

16.

Hobi moi s6 sau day 1a s6 thuc hay s6 ao (z 1a s6 phiic tuy ¥ cho trude sao cho
biéu thic xac dinh) ?

— 2 —\2
2 =2 z—-Z z” —(2)
zZ+ (@) =3 _—3° —_—
2+ (2) I+ zz

Xdc dinh tap hop cic diém trong mat phang phitc biéu dién cic so phiic z
thoa man timg di€u kién sau :
a) 22 1as6 thuc am ; b) 2% 1256 40 :

) 22 =@)7; d)

- 1a s0 ao.

zZ—1

Tim nghiém phtic clia cac phuong trinh sau :

a)iz+2-i=0; b) 2+3)z=z-1;
AR-NZ—-4=0; d) iz-D(E+3)(EF -2+3)=0:
e) 22 +4=0.

a) Cho s6 phic z = x + yi (x,y € R). Khi z # i, hdy tim phan thuc va phan

zZ+1

4o cua so phtc -
z—1

b) Xdc dinh tap hop cdc diém trong mat phang phitc biéu dién cdc s6 phic z
G o |
thoa man diéu kién

la s6 thuc duong.

z—i

a) Trong mat phang phic, cho ba diém A, B, C khong thang hang theo thit tu
biéu dién céc s6 phic z;, z,, z;. Hoi trong tam cua tam gidc ABC biéu dién
sO phtc nao ?

b) Xét ba diém A, B, C clia mit phing phic theo thit tu biéu dién ba s& phic

phan biét z, z,, z; thod man |zl| = |zz| = |z3

Ching minh rang A, B, C 1a ba dinh cia mot tam gidc déu khi va chi khi

71+ 2y + 23 =0.
D¢ vui. Trong mat phéng phiic cho cic diém : O (goc toa do), A biéu dién
s6 1, B biéu dién s6 phic z khong thuc, A' bi€u dién s6 phiic z' = 0 va B' biéu
dién so phic zz'.

Hai tam gidac OAB, OA'B' c6 phai 1a hai tam gidc dong dang khong ?

191



192

CAN BAC HAI CUA SO PHUC
VA PHUONG TRINH BAC HAI

Can bac hai cua so phiic
DINH NGHIA

Cho s6 phic w. Mdi s6 phiic z thod man 22 =w duoc goi la
mot can bac hai cua w.

No6i ciach khic, méi can bac hai cia w 1a mot nghiém cta phuong trinh

22 —w =0 (véi 4n z).

C6 thé tim cén bac hai clia s6 phiic w nhu sau :

a) Truong hop w la sé6 thuc
Dé thdy rang cén bac hai cta 0 1a 0.

Xétsothucw=a=0,

Khia >0 thi 22 —a = (z —Ja)(z + Va). Do d6, z> —a = 0 khi va chi khi
z = Ja hoac z = —Ja. Vay a c6 hai can bac hai 1a va va —/a.

Khia <0 thi 22 —a=(z—~—-ai)z++-ai).Dodé, z> —a =0 khi va chi
khi z=+/—ai hoac z=—+/—ai. Vay a c6 hai can bac hai la v—-ai va —/—ai.

Vi du 1. Hai can bac hai cua —1 1a i va —i.
Hai can bac hai ctia —a’ (a la s6 thuc khac 0) 1a ai va —ai.

b) Truong hop w =a + bi (a,b € R),b#0

z=x+yi (x,y € R) la can bac hai clia w khi va chi khi z* = w, tic 13

(x + yi)? = a + bi.



2 _y2 4+ 2xyi nén z> = w khi va chi khi

X -y =a
2xy =b.

Vay dé tim cdc cin bac hai cia w = a + bi ta can giai hé phuong trinh nay.

Do (x + yi)? = x

MBai cap s6 thuc (x ; y) nghiém ding hé phuong trinh d6 cho ta mot can bac
hai x + yi cua s6 phtc a + bi.
Vidu 2

a) Tim cac can bac hai cia —5 + 124, tdc 1a tim cdc s6 phic x + yi (x,y € R)
sao cho (x + yi)> = =5+ 12i nén ta cin giai hé phuong trinh

2oyt =5

2xy =12.

. 12 . L
Phuong trinh thit hai cho y = P g, thay vao phuong trinh thit nhat, ta c6 :

36
¥ -==-5  [ye5?-36=0 [1*=4
X
6 = 6 = 6
_6 y=— y=—
y—x' X X

Hé nay c6 hai nghiém (2 ; 3) ; (-2 ; -3).
Vay c6 hai can bac hai cia -5 + 12 1a 2 + 3i va -2 — 3i.
b) Tim cdc can bac hai cha 7 tic la tim x+yi (x, y € R) sao cho
(x + yi)?> =i nén ta can gii he phuong trinh
2 -y2=0
2xy =1.

< . . 2 2 2 2
Dé thdy n6 c6 hai nghiém (% ; Tj ; (‘% T gj

Vay i c6 hai can bac hai la i—2(1 +1).

2
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e Mot cdch téng quat, c6 thé ching minh rang

*S6 0 c6 diing mot can bac hai 1a 0.

* Moi s6 phiic khac 0 c6 hai can bac hai 1a hai s6 d6i nhau
(khac 0).

Dic biét, s6 thuc a duong c6 hai can bac hai 1a Va vi —/a ;

sO thuc @ 4m ¢6 hai can bac hai la V—ai va —v—a.

[H1| Bigt mot can bac hai ciia w, 1a z; va mot can bac hai ciia w, 14 z,. Hay tim

tat ca cac can bac hai ctia wiw,.

Phuong trinh bac hai
Nho tinh dugc can bac hai ctia s6 phiic, dé thdy moi phuong trinh bac hai

A2 +Bz+C=0 (1)
trong d6 A, B, C 1a nhiing s6 phiic, (A # 0) déu c6 hai nghiém phic (c6 thé
truing nhau). Viéc giai phuong trinh d6 dugc ti€n hanh tuong tu nhu trong
trudng hop A, B, C 1a nhitng s6 thuc. Cu thé 12 :

Xét biét thitc A = B> — 4AC.
* Néu A # 0 thi phuong trinh (1) ¢6 hai nghiém phan biét

Z_—B+5 Z_—B—5
L™ 24 7727 2A

trong d6 0 la mot can bac hai cua A.
* Néu A = 0 thi phuong trinh (1) ¢6 nghiém kép

B
24

Z]=22=

bac biét, khi A 1a s6 thuc duong thi hai nghiém clta phuong trinh (1) la

7 = #, z, = % : khi A 1a s6 thuc am thi hai nghiém cla
. . —B +-Ai —B —-Ai
phuong trinh (1) 1a z; = Ty R e—
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Vidu3
a) Phuong trinh 22 -z+1=0 ¢6 biét thitc A = —3 nén nd cb hai nghiém

-y
phan biét 1a 1—231.

b) Phuong trinh z° + (=2 + i)z — 2i = 0 c6 biét thic
A=(2+0)? +8 =3+4i=2+i)
nén nd c6 hai nghiém la
z, :%[2—i+(2+i)] =2va z, :%[2—1'—(2“‘)] =—i.

[H2| Xeét phuong trinh bac hai
Az2 + Bz + Cc=0

trong do A, B, C la nhiing s6 thuc, A # 0. Chimg minh rang néu z, € C la mét
nghiém clia phuong trinh thi z, ciing la mét nghiém cda né.

CHUY
Trén day, ta da thdy moi phuong trinh bac hai (v6i hé s6 phic) c6

hai nghiém phiic (c6 thé trung nhau). Hon nita, nguoi ta con chiing
minh duogc rang moi phuong trinh bac n

A"+ AT L+ A 2+ A =0
(trong d6 n 1a mot s6 nguyén duong, Ay, A, ..., A, la n+1 so
phiic cho truée, Ay # 0) luon c6 n nghiém phic (khong nhat thiét
phan biét).

Tinh chat quan trong nay cua tap hop cac s6 phic la ndi dung cta
mot dinh 1i goi 1a Pinh li co bdn cua dai s6.

~ ? - . . - n
Cau hoi va bai tap
17. Tim céc can bac hai cia méi s6 phic sau :

—iy4i -4 1+ 430,
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18.
19.

20.

196

Chitng minh ring néu z 13 mot can bac hai ctia s6 phiic w thi |z = /wl.
Tim nghiém phtic clia cdc phuong trinh bac hai sau :

a) 2=z+1 ;

b) 2> +2:+5=0;

¢) 22 +(1=3i)z-2(1+i)=0.

Chu y : C6 thé ding may tinh b tdi dé tim nghiém (gin dung) clia phuong
trinh bac hai véi hé so thuc ngay ca khi nghiém cua n6 khong phai la so6 thuc.
Chéang han, dung mdy tinh bd tdi CASIO frx-500MS dé giai phuong trinh
x> —6x+ 58 = 0 thi 4n

IMODE| [MODE| 1 [MODE| 2 (dé vao chuong trinh gidi phuong trinh bac

hai), an ti€p

1 E -6 E 58 (dé dua vao céc hé s6 ctia phuong trinh) ; an tiép

E : trén man hinh hién x1 =3 ; an ti€p

ISHIFT| |Re <> Im| : trén man hinh hién x1= 7.;, (diéu d6 cé nghia la

nghiém thi nhat1a 3 + 7i) ; an tiép

E : trén man hinh hién x2 =3 ; 4n ti€p

ISHIFT| |Re <> Im| : trén man hinh hién x2 = —7.;, (diéu d6 c6 nghia 1a
nghiém thi hai 1a 3 — 7i).

(Thuc ra, chi can biét nghiém thi nhét 1a 3 + 7i thi da suy ra ngay nghiém thi
haila 3+ 7i =3-7i).

a) Hoi cong thic Vi-ét vé phuong trinh bac hai v6i hé s6 thuc ¢6 con ding cho
phuong trinh bac hai véi hé s6 phiic khong ? Vi sao ?

b) Tim hai so phiic, biét téng clia chiing bing 4 — i va tich cha chiing bang
5(1—-1).

c¢) C6 phai moi phuong trinh bac hai 2 +Bz+C=0 (B,C lahaiso phtic)
nhan hai nghiém la hai s6 phiic lién hop khong thuc phai cé cac hé s6 B, C la
hai s6 thuc ? Vi sao ? Diéu nguoc lai ¢6 ding khong ?



21. a) Giai phuong trinh sau :
(22 +i)z2 =2iz-1)=0.

b) Tim s6 phic B dé phuong trinh bac hai z° + Bz +3i =0 ¢6 téng binh
phuong hai nghiém béng 8.

22. D6 vui. Mot hoc sinh ki hiéu mot can bac hai clia —1 1a ~/~1 va tinh
J=1.4/~1 nhusau:
a) Theo dinh nghia can bac hai ctia —1 thi J-1.4-1=-1.

b) Theo tinh chat ciia can bac hai (tich clia hai can béac hai cua hai s6 bang can
bac hai cua tich hai s6 do) thi

J-1A-1= D). =1 =1.
Tr d6, hoc sinh d6 suy ra —1 =1.

Hay tim di€u sai trong 1ap luan trén.

Coa’b/'.‘
S

VAI NET LICH SU PHAT TRIEN SO PHUC

T lau, nguGi ta da biét cong thlc nghiém cla phuong trinh bac hai

ax> +bx+c¢=0 (@a#0).

Héi c6 chang cong thc nghiém clia phuong trinh bac ba
ad +bhx> +ex+d=0 (a #0)

(chi dung phép tinh cdng, trkr, nhan, chia, l1dy can

trén cac hé so) ?

Pén thé ki XVI, Cacdand (G. Cardano, 1501 — 1576,

ngudi Y) tim ra mét cong thic nhu thé ; nhung du a,

b, ¢, d la nhiing s6 thuc va chi nham tim nghiém

thuc, cong thic van dé cap dén sé phic.

1y

Girolamo Cardano

2 P N 3 _ N
Chang han, véi phuong trinh x” + px+¢ =0 (p, g la (1501 1576)

hai s6 thuc cho trugc) thi cong thic nghiém cé dang
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3 4 q2 P3 3] 4 612 P3
=(—= |t =+ [+ ==
T2V T 27 A Y
q2 P3 q
Cu thé 1a goi & la mot can bac hai cla Tt ldy u,v sao cho w’ =—5+5,
3_ ¢4 . Dy e .. A, 3 _
v ——5—5 (ma uv——§) thi x=u+v la mét nghiém cla x” + px + g = 0.

2 3

Néu qT+l2)_7 < 0 thita gap can bac hai § cla sé thuc &m nhung két qua u + v ¢b

thé van la sé thuc.
2 3

Vi du, véi phuong trinh x> —15x—4 =0 thi %+§—7=—121 L ldy S=11i thi

—%+5=2+11i=(2+i)3;—%—5=2—11i=(2—i)3. Vay &y  u=2+i,

v=2—i(uv=5=—§j thi u +v = 4 1a mot nghiém clia phuong trinh ¥ —15x—4=0.

Tuy cong thlrc nghiém phuong trinh bac ba mang tén Cac-da-né nhung thuc ra,
Tac-ta-gli-a (N. Tartaglia, 1499 — 1557, ngudi Y) da tim dudc 10i gidi nhiéu kiéu
phuong trinh bac ba va tiét 16 phuong phap giai cho Cac-da-n6. Nhé d6 Cac-da-nd
tim ra 16i giai tdng quat va cong bé né vao nam 1545. Mot hoc trd clia Cac-da-no la
Fe-ra-ri (L. Ferrari, 1522 — 1565, ngudi Y) tim ra cach giai phuong trinh bac bén bang
cach dua vé giai mot phuong trinh bac ba.

Viéc cac nha toan hoc Y tao bao ding cac biéu thitc chira nhiing s6 dang con c6 vé
bi &n (s6 &o0) dé dén duoc két qua thuc dan da ciing lam cho cac nha toan hoc chap
nhan s dung ki hiéu a+bJ-1 (a, b la hai s6 thuc) khi gidi phuong trinh bac hai,
bac ba, bac bén trong thé ki XVII.

Sang dau thé ki XVIIl, Moa-vro (A. De Moivre, 1667 — 1754, ngudi Anh) tim dugc méi
lién quan gilta can cta s6 phiic vGi lugng giac. Nam 1746, DPa-lam-be (J. D'Alembert,
1717 — 1783, ngudi Phéap) dua ra chiing minh dau tién dinh Ii co ban cla dai s6. G-le
(L. Euler, 1707 — 1783, ngudi Thuy Si) cling nghién ctu van dé nay va chinh O-le da
dung ki hiéu i dé chi don vi do. Gau-xo (C. Gauss, 1777 — 1855, ngudi D(rc) dua ra
chiing minh day du dinh Ii co ban clia dai s6 vao nam 1799.

Dén thé ki XIX, li thuy&t ham s6 bién s6 phic dudc phat trién manh (nhimg ngudi
doéng gbp 16n la Co-si (A.L. Cauchy, 1789 — 1857, ngudi Phap), Ri-man (B. Riemann,
1826 — 1866, ngudi Diic), ...). Ngay nay sé phiic xuat hién trong nhiéu nghién clu
toan hoc, vat li, khoa hoc, ki thuat.



Luyen tap

. , . 1 . R
23. Tim nghiém phtic cua phuong trinh z + S = k trong céc truong hop sau :

a)k=1; b) k=+2; c) k = 2i.
24. Giai cac phuong trinh sau trén C (ttc 1a tim nghiém phiic clia cac phuong trinh

do) va biéu dién hinh hoc tap hop cdc nghiém ctia mdi phuong trinh (trong
mit phang phiic) :

)z +1=0; bzt -1=0;
o)zt +4=0; d) 8z +83 =z +1.

25. a) Tim cdc s6 thuc b, ¢ d€ phuong trinh (v6i 4n z)

22 4+bz+c=0
nhan z =1 + 7 lam mot nghiém.
b) Tim cdc s6 thuc a, b, ¢ dé phuong trinh (vé6i 4n z)

B ra+bz+c=0

nhan z =1 + i 1am nghiém va cling nhan z = 2 lam nghiém.
26. a) Dang cong thiic cong trong lugng gidc dé ching minh ring v6i moi s
thuc ¢, ta co
(cos@ + isin go)2 = Cos2¢ + isin2¢.
Tu d6 hay tim moi can bac hai clia s6 phic cos2¢ + isin2¢. Hay so sanh

cach giai nay véi cach giai trong bai hoc & §2.

2 .
b) Tim céc can bac hai clia 7(1 — 1) bang hai cach néi & cau a).
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S

DANG LUONG GIAC CUA sO PHUC VA
3 UNG DUNG

1. So6 phiic duéi dang luong giac

200

a) Acgumen cua so phic z = 0

DINH NGHIA 1

Cho s6 phitc z # 0. Goi M 1a diém trong mat phang phtc biéu

dién s6 z. S6 do (radian) cia mbi goc lugng gidc tia dau Ox, tia

cudi OM dugc goi la mot acgumen cua z .

CHUY
Néu ¢ la mot acgumen

cia z (h4.5) thi moi
acgumen cua z cé dang

o+ k2n, k € Z. (Nguoi
ta thuong néi : Acgumen
cia z#0 xac dinh sai

khac k2n, k € Z).

Vidu 1 (h.4.6).

a) SO thuc duong tuy y ¢6 mot acgumen
la 0.

b) S6 thuc am tuy y c6 mot acgumen
l1a .

c) Cac s6 3i, —2i va 1+ i theo thi tu

c6 mot acgumen la

T
—=va
2

NG

I
2’

YA
M(z)
¢ -
(0] X
Hinh 4.5
y
CGi)d
E(1+1i)
B2 9| aqn) x
D(-2i) |
Hinh 4.6



Nhdn xét

Hai s6 phiic z va Iz (v6i z #0 vallaso
thuc duong) c6 acgumen sai khéc g
k2n,k € Z,vi ciac diém biéu dién cua
chiing cting thudc mot tia goc O (h.4.7). N(Iz)
M(z)

El Biét s6 phurc z # 0 ¢6 mét acgumen la .
Hay tim mét acgumen ctia mbi s6 phtfc sau :

17 _'](dé’rén 1—]_)
s TR y gZ_ZEZ' Hinh 4.7

b) Dang luong giac cua so phiic "

Xét so phic z=a + bi #0 (a, b € R). M(a + bi)
Ki hiéu r 1a modun cta z va ¢ la mot
acgumen cua z (h.4.8) thi dé thdy rang : )

a=rcose, b=rsing. ¢

=y

Vay z = a+ bi # 0 c6 thé viét duéi dang
z =r(cos@ + isin@).

Hinh 4.8
Ta cé

DINH NGHIA 2

Dang z = r(cos¢ + ising), trong d6 r >0, dugc goi la dang
luong giac cua so phitc z # 0. Condang z =a + bi (a, b € R)

dugc goi 1a dang dai s6 cia so phiic z.

Nhdn xét. Dé tim dang luong gidc r(cosg + ising) cua so phic z = a + bi

(a, b € R) khéc 0 cho trudc, ta can :

1) Tim r : d6 12 modun cha z, r =a® +b*> ;s6 r d6 cling la khoang cach
tir goc O dén diém M biéu dién s6 z trong mat phang phic.

£ 18 e n 5 s a .
2) Tim ¢ : d6 la mot acgumen cua z; ¢ la so thuc sao cho cos@p = — va
r
: b oo o
sing = — ;80 ¢ do cling 1a s6 do mot goc luong gidc tia dau Ox, tia cudt OM.
-
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Vidu 2

a) S6 2 ¢6 moédun biang 2, c6 mot acgumen bang 0 nén no c6 dang luong gidc
2(cos0 + isin0) ;

b) S6 —2 ¢6 moédun bang 2, ¢6 mot acgumen bang 7 nén nd cé dang lugng
giac 2(cosm +isinm) ;

e z A > 7z A > TE A 7z 7z
¢) SO i ¢6 modun bang 1, c6 mot acgumen bang - hén nd c6 dang lugng

.éC T 4 . T
1 COS— 1S1Inn—
& 2 2

% . Z A N z A N T A z Z
d) S6 1 + i c6 moddun bang NG , 0 mot acgumen bang 7 hén n6 c6 dang

luong gidc \/E(cosg + isingj ;

e) So 1-— \/gi c6 modun bang \/12 + (\/g)2 =2, ¢c6 mot acgumen la ¢ sao

cho cosg = %, sing = _—\2/5 Lay ¢ = —g thi

-2y ) ool sl 5]

CHUY
1) Izl =1 khi va chi khi z = cos + ising (¢ € R).
2) Khi z =0 thi |z| = 7 = 0 nhung acgumen ctia z khong xéc dinh
(doi khi coi acgumen ctia 0 la s6 thuc tuy y va van viét
0=0(cos@ + ising)).
3) Can dé y doi hoi r > 0 trong dang luong gidc r(cos@ +ising) cua
sO phtc z = 0.
Vidu3
a) SO phiic —(cos@ + isin@) c6 dang lugng gidc la
cos(e + m) + isin(e + m).
b) S6 phiic cos@ — ising c6 dang lugng giac la
cos(—@) + isin(—g).

@ Cho z = r(cos@ + ising) (r > 0), tim médun va mot acgumen cua —, tur doé
z

1
suy ra dang lugng giac clia —.
z



Nhan va chia s6 phitc duéi dang luong giac

Ta da bi€t cong thiic nhan va chia s6 phic dudi dang dai s6. Sau day la dinh 1i
néu lén cong thitc nhan va chia s6 phiic duéi dang luong giac ; ching cho cac
quy tac tinh todn don gian vé nhan va chia s6 phic.

DINH Li

Néu z = r(cose + ising),
z'=r'(cosp' +ising') (r20,r'20),

thi zz" = rr'[cos(p + @') + isin(p + @")],

Z?' = %’[cos((o' — @) +isin(¢' — ¢)] (khi r > 0).

N6i mot cdch khéc, dé nhan cdc s6 phic dudi dang lugng gidc, ta 1ay tich cac
modun va téng cic acgumen ; dé chia cic s6 phic duéi dang luong gidc ta 1dy
thuong cdc modun va hiéu cac acgumen.

Chiing minh

zz' = [r(cose + ising)] [r'(cos@' + ising')]

= rr'[cospcos@' — singsing' + i(singcose' + cos@sing')]
= rr'[cos(@ + @') + isin(p + @")].

1 1 . ’
Mat khéc, ta c6 S = ;[cos (—@) + isin(—¢)]. Theo cong thitc nhan so phic,

ta co

' 1

Z_=Z'l:’_[cos(¢'—¢)+l'Sin((/)'_(P)]- O
z Z r

Vidu 4. Tacéd 1+i= \/E(cos%+isin%j

va \/5 +1i = 2(cos%+ isin%),

nén L+i —ﬁ{cos(ﬁ—£J+isin(E—£ﬂ
B+i 2 4 6 4 6

JE( n ..nj
= —| COS—= +ISImn—|.

2 12 12
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3.

204

Nhdn xét. Néu thuc hién phép chia trong vi du 4 duéi dang dai sd, ta duoc

L+ - = 1[1 +V3+(3 - 1)i] nén tir két qua trén suy ra

B+i 4
n_N20+V3) o 26B3-1)

2 4 ) 4
Cong thiic Moa-vro (Moivre) va itng dung
a) Cong thirc Moa-vro

Tu cong thic nhan s6 phic dudi dang lugng gidc, bang
quy nap todn hoc dé dang suy ra rang v6i moi sO
nguyén duong n,

[r(cose + ising)]" = r" (cosng + isinng)

vakhi r =1, tacé

(cos@ + isin)" = cosng + isinng.

A. De Moivre
(1667 — 1754) Ca hai cong thiic d6 déu dugc goi la cong thitc Moa-vro.

4

5

Vidu5. (1+i)° = {\E (cos% + isinlﬂ
5 T .. 5m
= (\/5) (COS—-I—ZSIH—)

5
4 4

=1
&
s

1l

|
N
—
SN
+
;/.

b) Ung dung vao luong giic

Cong thiic khai trién Iu§ thira bac ba ctia nhi thiic cos¢ + ising cho ta

(cos@ + isin (0)3 = cos’ o+ 3cos? @(ising) + 3cos@(isin (p)2 + (isin (0)3
= cos’ Q- 3cosgz)sin2 o+ i(3cos” @sing — sin’ ).

Mait khéc, theo cong thuc Moa-vro,

(cos@ + isin (0)3 = cos3¢ + isin3¢.



Tir d6 suy ra

cos3p = cos’ Q- 3cosgz)sin2 Q= 4cos’ @ — 3cos@,

sin3¢p = 3cos” @sing — sin’ @ = 3sing — 4sin? Q.
Tuong tu, bang cdch doi chi€u cong thitc khai trién lu§ thira bac n cla nhi
thitc cosg + ising véi cong thiic Moa-vro, c6 thé biéu dién cosng va sinng
theo cac luy thira cia cos ¢, sing.
¢) Can bac hai cua s6 phirc duéi dang luong giac
Tu cong thiic Moa-vro, dé thdy so phic z = r(cos@ + ising), r > 0 cé hai

can bac hai la

\/;(cosg + isin%)

va —\/;(cosg + isin%) = \/;(cos(g + m) + isin(% + n)j.

Cau hai va bai tap

. 9 2~ ’ p P 1 *
27. Hay tim dang luong gidc cua cdc s6 phic : 7 ; —z ; — ; kz (k € R)) trong
Z

moi trudong hop sau :
a) z=r(cosp+ising) (r>0);
byz=1+31.

28. Viét cac so phic sau dudi dang lugng giac :

A l—iv3;1+i;0-i3)A+i); 11_+“l@
b) 2i(\3 - i) ;

1
332

d)z=sing +icose (@ € R).
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Chu y : C6 thé dung mdy tinh bo tdi dé chuyén déi dang dai s6 véi dang
lugng gidc clia s6 phiic z # 0. Chang han, dung mdy tinh bo tdi CASIO
fx — 500MS dé :

1) Déi tir dang dai s6 z = 1 + J3i thanh dang lugng gidc z = r(cos@ + ising)
thi (dat & ché do "radian") an lién ti€p

Pol( 1 : Vv 3 D) = | : trén man hinh hién 2
(tdc 1a r = 2) ; an tiép
RCL F | : trén man hinh hién F =1,047197551 (ticla ¢ ~ g).

29.

30.

31.

206

2) Doi tir dang lugng gidc z = 2(cos§ + ising) thanh dang dai s6 z =a + bi

thi (dat & ché do "radian") an lién ti€p

SHIFT | | Rec( | 2 , | |SHIFT | | = = 3 |) E

trén man hinh hién 1 (tc @ = 1) ; an tiép

RCL| | F |[:trén man hinh hién F = 1,732050808 (tic 1a b ~ /3).

Dung cong thic khai trién nhi thic Niu-ton (1 + i)' va cong thic Moa-vro dé
tinh CQy — Ch + Cly —... + C1 - C{5.
Goi M, M' la céc diém trong mat phang phiic theo thd tu biéu dién céc s6

z=34+1i, 2= (3 -3)+ (1 +33)i.

a) Tinh .
z
b) Chitng minh rang hiéu s6 acgumen cua z' véi acgumen cua z 12 mot s6 do
cta goc luong giac (OM, OM"). Tinh s6 do do.
’ 2 o 1 ,
Cho céc so phuc w = g(l +i)va g = 5(_1 + z\/g).

. . N T .. T s oz ‘A
a) Ching minh rang z, = cosﬁ + zsmﬁ, 7 = Z9€, Iy = 2052 la cdc nghiém

ctia phuong trinh 2 —w=0.

b) Biéu dién hinh hoc céc s6 phic z,, z;, z,.



32.

33.

34.

3S.

36.

Luyen tap

St dung cong thitc Moa-vro dé tinh sindg va cos4¢ theo cdc lu§ thira cla
sing va cos@.

Tinh

. 22004 ) 21
3_-6; I j : 5+3l\/§ .
o3 -h (Hl [1—21\5

Cho s6 phic w = —5(1 + l\/g). Tim cdc s6 nguyén duong n dé w" 1a s6 thuc.

Hoi c6 chiang mot s6 nguyén duong m dé w” 1a s6 4o ?
Viét dang lugng gidc clia s6 phic z va cta cac can bac hai cua z cho moi
truong hop sau :

N , . OT
a) |zl = 3 va mot acgumen ctia iz 12 e ;

b) |z|—lvém6tac umen cla ERN T
T3 vamoracs 1+i 4

Viét dang lugng gidc ctia cac s6 phic sau :

a)l—itang; b) tans?nJri;

c)l—cosp—ising (pe R, p#k2n, k € Z).

CAN BAC n CUA SO PHUC

Tuong tu dinh nghia can bac hai clia s6 phc, ta goi s6 phiic z sao cho z" =w 13

mot can bac n cta s6 phirc w (n 1a s6 nguyén cho truéc, n > 1).

R6 rang chi co6 mét can bac n cta w =0 1a 0.

Khi w = 0, ta viét w dudi dang lugng giac w = R(cosa + isina), R > 0. Ta can
tim z = r(cos¢ + ising), (r>0)sao cho z" = w.
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Theo cong thiic Moa-vro, z' = w ¢ nghia la
" (cosng + isinng) = R(cosa + isina),

ticla r" = R va np = a + k2n, (k € 7).
a+ k2n

Tuds r =R, o === ticla
n
z = '\l/ﬁ [cos(ng@j + isin(ngkz—nﬂ.
n o n n n
Lay k =0, 1,..., n — 1, tadudc n can bac n phan biét clia w.
Vidu
. . T T, “ia . J
SO w =i= cos— + isin— cb ba can béacbala y
2 2 B(z,) Az)
zZ; = cosE + isinE
! 6 6
1 >
= 5(\/5 +1) 5 0 *
Zy = cos(E + 2—“) + z’sin(E + 2_1r)
2 6 3 6 3
1
= 33 +0); e
T 4n o (m 4wy L .
73 = cos(€+T)+zsm(g+?) =i Hinh 4.9

(trén hinh 4.9 c6 ba diém A, B, C theo th(r ty bidu dién z;, z,, z3).

Chu y : Nu w =0 thi cac can bac n (n>3 cho truéc) cla w dudc biéu dién
trén mat phang phc bdi cac dinh clia mét n-giac déu ndi ti€p dudng tron thm O ban

kinh 2w,

Cau hadi va hai tap dn tap chuong IV

37. Tim phan thuc va phan ao ctia moéi s6 phc sau :

208

a) (2 -3i);
342 1-i
DTty

¢) (x +iy)? —2(x +iy) + 5 (x,y € R). Véix, y ndo thi s6 phic d6 1a s6 thuc ?



38.

39.

40.

41.

42.

Chitng minh ring néu |z| = [w| = 1 thi s6

Z+w
1+ zw

la s6 thuc (gia s 1 + zw # 0).

Giai cdc phuong trinh sau trén C :
a) (z+3-1)>-6(z+3-)+13=0;

. 2 .
b)(zz+3j _3lz+3_420;

z—2i z— 21
o)z + 1) +(z+3)?% =0.

Xét cac so phiic
zl=\/€—i\/§, Zy =—2-12i, 73 = —-

a) Viét z;, z,, z; dudi dang luong gidc.

N . n . . In
b) Tt cau a), hay tinh cos B va sin o

Cho z = (V6 +2) +i(N6 = 2).

a) Viét z* dudi dang dai s6 va dudi dang luong giac.

b) T cau a), hay suy ra dang luong giac cua z.

a) Bing cdch biéu dién hinh hoc céc s6 phiic 2 + i va 3 + i, hdy ching minh
T

N » 1 1 . T
rang néu tana—z, tanb—3 voia, b e [O,ZJth1a+b—4.

b) Béng cach biéu dién hinh hoc cdc s6 phic 2 + i, 5+ i va 8 + i, hdy chiing

0| =

minh ring néu tana:%,tanb:%, tanc == VvOl a, b, ¢ € (O;g) thi

T
a+b+c=—.
4
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43.

44.

4s.

46.

47.

48.

49.

50.

51.

210

y
- -

Trong moi bai tdp dudi day, hay chon mot phuong dn trong cdc phuong dn da
cho dé dugc khdng dinh diing.

Phan thuc cta z = 2i la

(A)2; (B) 2i; O©O0; (D) 1.

Phin doclha z = —2i 1a

(A)-2; (B) -2i; ©OO0; (D) -1.

S6z+z1a

(A) s6 thuc ; (B) s6 a0 ; OO0; (D) 2.

S6z-7 1a:

(A) s6 thuc ; (B) s6 40 ; OO0; (D) 2i.
P .

So o bang

Wl+is B 50-i); ©1-i: O

Tap hop cac nghiém cta phuong trinh z = P la

(A){0;1-i}; (B){0}; O {1 -1}, (D) {0, 1}.

Modun cua 1 — 2/ béang

(A)3; (B) NEE O 2; (D) 1.

Modun clia —2iz bang

(A) =21z ; B2z ; (©) 2l ; (D) 2.

Acgumen cua —1 + i bang

(A)%’Tmzn(keZ); (B)—%+k2n(keZ);

(C)%+k2n (keZ): (D) g+k2n k € 7).



52. Néu acgumen clia z bang —g + k2n (k € Z) thi

(A) Phan 4o ctia z 1a s6 duong va phan thuc cia z bang 0 ;
(B) Phén 40 cua z 1a s6 4am va phan thuc cla z bang O ;
(C) Phan thuc cta z 1a s6 am va phin 4o cua z bang 0 ;

(D) Phan thuc va phan ao cua z déu 1a s6 am.

53. Néu z = cos@ — ising thi acgumen cua z bang

A o+ k2rn (ke Z); B) —p + k2n (ke Z);
©) p+n+k2n (keZ); (D)(p+g+k2n (k € Z).
54. Néuz = —sing — icos¢ thi acgumen cla z bang
(A)—g+¢+k2n(keZ); (B)—g—(o+k2n(keZ);
(C)g+(p+k2n (kelZ); (D)t — o+ K21 (k € Z).

- n - n

I - BAI TAP TU LUAN

1.

a) Chitng minh ring ham so6 f(x) = €' — x — 1 dong bién trén nira khodng

[0 ; +0).
b) Tir d6, suy ra €' > x + 1 véi moi x > 0.
a) Khao sét su bién thién va vé dé thi clia ham s6 £(x) = 2x° — 3x* — 12x — 10.

b) Chitng minh riang phuong trinh 26 =3~ 12x - 10=0 ¢ nghiém thuc
duy nhat.

¢) Goi nghiém thuc duy nhét ctia phuong trinh 1a a. Chiing minh rang 3,5 < a < 3,6.
Goi (C) la d6 thi cia ham s6 y = Inx va (D) 1a mot ti€p tuyén bt ki cta (C).
Chdng minh rang trén khoang (0 ; +), (C) nam & phia dudGi cua duong
thang (D).
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10.

212

Mot xudng in c¢6 8 mdy in, méi mdy in dugc 3600 ban in trong mot gio. Chi
phi dé van hanh mot mdy trong mdi ldn in 1a 50 nghin dong. Chi phi
cho n may chay trong mot gio 1a 10(6n + 10) nghin dong.

Hoi néu in 50000 t& quing cdo thi phai st dung bao nhiéu may dé duoc 1ai
nhiéu nhat ?

Tim gia tri 16n nhat va gia tri nho nhat ctia ham s6 f(x) :; trén
V=X’ +x+6
doan [0 ; 1].
X
a) Cho P(x) = va hai s0 a, b thoa man a + b = 1. Hay tinh P(a) + P(b).

4% +2

1
logg 2—§log\/65
b) Hiy so sénh A = /18 va B = (%) .
a) Chiing minh ring néu @ va b 12 hai s6 duong thod man a* + b = Tab thi

a+b 1
log, 3 - E(log7 a + log, b).

b) Biét @ va b 1a hai s6 duong, a # 1 sao cho log,b = V3. Hay tinh

log

&
ax/g\/b?'

2tanx

a) Tim dao ham ctia cac ham s6 y = cosx. e va y = log,(sinx).

b) Chiing minh ring ham s6 y = ¢™ + 2™ thod mn hé thic y" — 13y’ — 12y = 0.

~ N . 9 2 N ¢ X X N X N -
a) Vé do thicuacichams6 y=2",y = (\/E) vay :(\/g) trén cung mot mat
phéang toa do. Hay néu nhan xét vé vi tri tuong d6i clia ba d6 thi dé.

b) V& d6 thi ham s6 y = logzx. T d6 hay suy ra do thi cia ham s6
y =2+ logzx va do thi cia ham s y = logs(x + 2).

Giai cac phuong trinh va hé phuong trinh sau :

.2 2
a) 8150 | g1 = 30, b) 10g3[10g21—310g1 x+5j:2 :
2 2



11.

12.

13.

14.

15.

16.

17.

logx+1 log x logx2+2 287 =22,
c) 4logxrl _glogx _ g gloex’s2 _ . )
logo+ + = = Llog,(9y)
8o T T poesby)

Tim tap xac dinh cta cac ham so6 sau :
a) y = log[l — log(x? — 5x + 16)] ;

1
b)y= \/logo’s(—xz +x+6)+ RN

Tim nguyén ham ctia méi ham sé sau :

a)y= x3(1 + x4)3 ; b) y = cosx sin2x ; c)y= 5
cos” x

Tnnhmnsémearmgfmo=énﬁﬂ[x+f%Jvaf«»=8.

Tinh cac tich phan sau :

@j ; mj

x+1

1
c) J‘xzexdx
0

x + x4+ 1

Tinh dién tich c4c hinh phang giéi han boi cdc dudng
a)y+x2 =OVE\y+3x2 =2;

b)y* —4dx=4 va 4x—y=16.

a) Cho hinh thang cong A gi6i han béi d6 thi ham s6 y = ", truc hoanh va cic
duong thang x = 0 va x = 1. Tinh thé tich ctia khéi tron xoay tao dugc khi
quay A quanh truc hoanh.

b) Cho hinh phéng B giéi han béi parabol y = FHlva dudng thang y = 2.
Tinh thé tich kh6i tron xoay tao dugc khi quay B quanh truc tung.

Cho céc s6 phic z; = 1 + i, z, =1 — 2i. Hay tinh va biéu dién hinh hoc cdc

s0 phiic :

2, . R
7] 321223221~ 255 712y VA =
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18.

19.

20.

21.

22,

2

w

II -

24.

214

Tinh :
a>(J§+i)2—(J§—i)2; b)(\/§+i)2+(\/§—i)2;

) (x/§+i)3—(\/§—i)3; d) Eﬁ—igz

},bié’tréng|z|=1véz # 1.

< 4 A » oo a. It
a) X4c dinh phan thuc cua so phiic
Z [—

z+1

b) Chiing minh rang néu i lasoaothi|z|=1.

Z —
Xd4c dinh tap hop cdc diém M trén mat phang phic biéu dién cdc s6 phic
(1+i+/3)z+2, trongdé|z—1]<2.
Tim cédc can bac hai cia moéi s6 phc :

8460 ; 3+4i va 1-2+21.

Giai cac phuong trinh sau trén C :

a)z° -3z+3+i=0;

b) 2% — (cose +ising)z +isingpcosp = 0,
trong d6 ¢ 1a so thuc cho trude.

i 0 Bi)
o (4 (<1 f;

BAI TAP TRAC NGHIEM KHACH QUAN

Trong méi bai tdp dudi day, hay chon mot phuong dn trong cdc phuong dn da
cho dé dwoc khdng dinh diing.

13 52 4
Ham s6f(x) _ egx 2x°+3x+1

(A) DBong bién trén moi khoang (- ; 1) va (3 ; +0) ;



25.

26.

27.

28.

29.

30.

(B) Nghich bién trén méi khoang (-0 ; 1) va (3 ; +0) ;

(C) Bong bién trén khoang (—oo ; 1) va nghich bién trén khoang (3 ; +0) ;
(D) Nghich bién trén khoang (—o ; 1) va dong bién trén khoang (3 ; +0).
Ham s6 f(x) = sin® x — 2sinx ¢6 gid tri nho nhat 1a

W-3:  ® 0 © -1 ©) 1.

Goi () 1a d6 thi ctia ham 56 y = x* + x . Khi d6

(A) buong thing y = x + 1 12 tiém can xién clia (€) (khi x — +o0) ;
(B) Buong thang y = x + % la tiém can xién cua (€) (khi x — +0) ;
(C) Puong thang y = —x 12 tiém can xién ctia (€) (khi x — +o) ;
(D) D6 thi (¢) khong c6 tiém céan xién (khi x — +0).

D6 thi ctia ham s y = x° — x + 1 tiép xc tai diém (1 ; 1) v6i

(A) Parabol y=2x>—1; (B) Parabol y=1x";
(C) Parabol y = %+ 2x ; (D) Buong théng y=2x+1.
Cho hai s6 dwong a va b. Dat X = In %2 va v = w. Khi d6
(A)X >Y: B) X<7Y;
OX>7Y; D) X<V
a+b a b

€ *€ Khidé

Cho hai s6 khong am a va b. Pat X = e2 vayY =

A)X >Y; B X<VY;
OX=zY; D) X<Y.

Cho (%) 1a d6 thi ctia ham s6 y = log,x. Ta c6 thé suy ra d6 thi cia ham s6

y =1log,2(x + 3) bang cédch tinh tién (%) theo vecto

AV =3;1; B v=03:-D;



31.

32.

33.

34.

3s.

216

O V=31 D) Vv =(3;-1).
Cho ham s6 f(x) = logg(x* + 1). Khi d6

1

(A) f'() = TnS 5

®B) f'1) =

5| —
\Nm\

© f'D)=757—= D) f'A)=

215

(91

Biét ring do thi chia ham s6 y = ¢ va d6 thi cia ham s6 y = log,x cat nhau tai

diém (V27! ;V2). Khi d6

(A) a>1vab>1; B)a>1val<b<1;
(C©) O<a<lvab>1; MD)0<a<lvalb<b<l.
Cho ham s6 f(x)_zx 3 Khido
X
(A)If(x)dx—£—§+C' (B)If(x)dx—£+§+C'
3 X ’ 3 X ’
3
(C)jf(x>dx=2x3—3+c; (D)jf(x)dxzzi+i+c.
X 3 2x

Néu a 1a mot s6 thoa man cédc di€u kién :

a
ac [g ; 3775} va J.cos(x + az)dx = sina

0
thi
(Aa=m ; B)a=+n ;
(C) a=2+r; (D)a=2x.

Goi S 1a tap hop tat ca cac s6 nguyén duong k thoa man diéu kién
e
| nXdr<e-2.
X

Khi d6
(A)S= {1} B)S=1{2};



O §={1;2}; (D)S=3.
36. Cho s6 phiic z tuy . Xét cic s6 phic o = z> + (2)> va B = 27 + i(z — 7).
Khi d6
(A) ala so thuc, fla so thuc ; (B) arla s6 thuc, fla so ao ;
(C) alaso ao, fla so thuc ; (D) arla s6 ao, fla so ao.

37. Cho s6 phtic tuy y z # 1. Xét cac so phiic
;2005 _ 3

@ = —2 4+ @) vap= Zz:lz+(z)2 s
Khi d6
(A) ala so thuc, fla so thuc ; (B) ala s6 thuc, fla so ao ;
(C) alaso ao, fla so thuc ; (D) arla s6 ao, fla so ao.

38. Néu modun ciia s6 phiic z bing (> 0) thi modun ctia s6 phitc (1 — i)*z béng
(A) 4r; (B)2r;
© V2 ; (D) r-
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HUGNG DAN GIAI, PAP SO CAC BAI TAP

CHUONG I

4.a<0.5 -2<a<2. 10. a) 18000 ngudi va

22000 nguoi ; b) f'(t) = L()z’
(t+

c) e Nam 1990 : 0,192 ; ¢ Nam 2008 : 0,065 ;

o Nam 1996. 11. a) y.p = f(-3) = —

t>0;

Yer = f(=D =
tri;c) yep = f(—l) =2y = f) =2
d) yep =fED =15 yor = f(0)=0

; b) Ham s6 khong c¢6 cuc

2 13
e)yCsz(_l)zzgchrzf(1)=1ﬁ;

D) yep = fO0)=-3; yop = f2)=1

12.2) yop = )’(_\/5) ==2 5 Yep = )’(\/5) =
b) yep = ¥(0) =242 ;

<) ya):y(—%ﬂcﬂ) = —% §+2+kn ;
Yer :y(%+kﬁ) =g—73+2+kn;

d) yor = ylkn) = 2(1 — coskm) ;

2n 1
Yep :y(i?+2knj 24?
13.4a=-2,0=3,c=0,d=0.14.a=3,b=0,

c=—-4.16. max f(x) =1 ; min f(x) = l
xeR xeR 2

17.2); max f(x)=10; min f(x)=—
xe[-2;3] xe[-2;3]
. 1
b) max f(x)=-4; min f(x)=-5=;
xe[—4;0] xe[-4;0] 3

c) Igig f(x)=2:4d) max, fx)=4

218

mm f(x) =-4 ; e) max f(x) = 3%
xe[2;4 3

min f(x) =2 ; f) max f(x) :é
xel0;1] xel0;2] 2

18.a) maxy =3 ; mlny——3 ;
xeR 2

. 1
b) maxy = 5_6 > miny =37

19. BM = %. Khi d6 dién tich hinh chit nhat I1a

V3

S = e a*. 20. n =12 (con ca).
1
21.a) yor = f(=D = ~5 3 Yep = F —5

0 v = /(3] =62 10) yop = 1O =5 :
d) Ham s6 khong ¢6 cuc tri. 22, m > 0.

23. 20mg ; do giam huyét 4p nhi€u nhat 1a 100.
24.M(~1;1); AM = /5. 25.9 km/h.

26. a) 375 nguoi/ngay ; b) ngay thit 15 ;

675 nguoi/ngay ; c) Tu ngay thd 11 dén ngay
thit 19 ; d) Ham s6 f dong bién trén [0 ; 25].

27. a) max \/3 2x =3; min

xe[-3 xe|-3; 1]

3-2x=1;

b) max f(x):2\/§; min _f(x) = —
xe[—2;2] xe[—2;2]

. 1
©) r)r(leagf(x) = 3,m1nf(X) =7
d) max f(x)—s’t V3 min f(x)=_g.

T
AE[ 2”} xe[—z,n}

28. Hinh vuong c6 canh dai 10 cm.



3
X +—
3 1) | 4 s
29.a) I|—;——|; ;Y =2X°;
? (4 8) ]
YTETR
7 x=X+1
b)l(l;—zj, 7,Y=-X";
y=Y-=
2
1
x=X+-=
C)l(l;i); 8 Ly =ax?,
8 16 Y+1
TS
=X
d)I0;-5); 1" LY = 2x%
y=Y-5
x=X+1 3
30.a)I(1;-1);b) ;Y =X"-3X ;
y=Y-1

x=X-2 1
Y

c)y=73x+2.31. ; ;
)y {y:Y+2 X

32.2) I(1;1); b) I(-1;3).

x=X+x c
33. Y =aX + —.

2
34. a) Tiém can ding : x = 3 ; tiém can

1
ngang: y=§ ;b)x=-3;y=-2;c) Tiém can

xién: y=x+2;tiémcanding:x=3;

. . | S .
d) Tiém can ding x = _5; tiém can xién:

y==-—-——3e)x=1;x=-1;y=0;H)x=-1;

ENG N

X
2
y = 0. 35. a) Tiém can ding : x = 0 ; tiém can
xitn:y=x-3;b)x=0;x=2;y=x+2;

gx=lLx=-l,y=x;d)x=-1; x:% ;

y:‘% ; 36. a) y = x (khi x > +0), y =

(khix > —©) ; b) y = 3x (khi x - +0), y = x (khi
x— —00);¢)y=2x (khix - +00); y=0 (khix - —0);

1
d)y= x+§ (khi x >+0),

1
y = _X_E (khi x — —o0).

37. a) y =2x (khix — +00);

y =0 (khi x > —©) ;

b) y=x—2 (khix —> +x0);
y=—x+2 (khix - —x);

c) y =x (khi x = +©) ;
y=—x (khix > —©);

d) x=1lLx=-1,y=1.

x=X+3

38.a)x=3;y=x+1;b)I(3;4),
y=Y+4;
)Y =X+ 39.0)[(-2:-3): ¥ =X -2 ;
- X' . ] £ - X ]

b)I(5;2); Y:X+;. 40.b) y = -3x - 5.

41.b) e m <—1hoacm>3:1nghiém ;
e m=—1hoac m =3 : 2 nghiém ;
e —1 <m<3:3nghiém.

8 7 . 8 7
43.¢) y:mx—g vay:—mx—g-
45.b) e m <-2hoac m>2: 1 nghiém

e m=-2hoac m=2:2nghiém;
e -2 <m<2:3nghiém.

46.a)m<-1,2<m<3,m>3. 48.a) m > 0;

b)y——iX+£vﬁy——4 2
W6 o 12 W6 12

3 1 3 11
53.b)y——Zx—E,c) y_—Zx+7.

54. b) D6 thi clia ham s6 y = -1+ ! 1a
x+1

hinh d6i xiing ctia () qua truc hoanh.

55.b) y =3(x—2). 56. b) Gilt nguyén phan
cta (¢) nam phia trén truc hoanh va lay doi
xiing phan ctia (¢) nim phia dudi truc hoanh

qua truc hoanh.
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l.é).
2°2)°

c) Puodng thing y = 1 1a ti€p tuyén chung cta

57.b) Hai giao diém : A(0; 1), B(—

€) va (&P tai A ; phuong trinh ti€p tuyén cla

(€)va (P ) tai B, theo thi tw, 1a y = —%x +%

va y=-2x+—

R ) e
3 ; d) Trén (—oo, 2) (€)

nim phia dudi (P ; trén (—% ; 0) va (0; +o0)

(€¢) ndm phia trén P).
58.b)em<Ohoacm>12;em<0.
3

yzzx.

60. 0(0;0);

2 2
61. Tiép diém : [ o . Y% (1 - cot a)j
gtana 2g

63.c) m <-3 hoac -3 <m<0.
64.a)a=-2;b=-3.
65.b) m < 4 — 26 hodc m > 4 + 26 ;

c) Phin cha duong thang y =5x -2, Véi

NG NG

T, X>1+T. 66.a =

67.1%a) T(x) =

9
1— — ‘b:—.
x < 6; >

0,0001x% + 0,2x + 10000 ;
10000

b) M(x) = 0,0001x + + 0,2 ; x = 10000

(cudn) ; 2°.b) 573 < x < 17427 ; ¢) 9000 (cudn) ;

71 triéu dong. 70. r 4/ = 4/4‘/

71. Do dai hai canh con lai déu 1a 5cm.

73.a)p<0.74.b) y=-3x+1 ;¢c) m > -3.
1
75.b)m=09, ng

78. b) Giao diém cta (P) va (H) 12 A(0; 1) ;

220

¢) Trén (—oo ; —1) va (0 ; +0), (% nam phia trén
(H) ; ren (<1 ;0), (P) ndm phia dudi (H).

80. (B) 81.(C) 82.(D) 83.(D) 84.(A) 85.(C)
86.(B) 87.(A) 88.(C) 89.(D) 90.(B) 9L (C)
92. (A) 93. (D) 94. (B) 95.(C) 96. (B)
97. (D) 98.(A) 99.(C) 100. (D).

CHUONG I1

1. a) Sai ; b) Pung ; ¢) Sai ; d) Sai.

. 25 12
2.biéukiénC.3.2;36; — ; —.
icu kién TR

80 116
4.a)—2—7,b) 6 c) 12 ;4d) 10.

5.a)ab ;b)2a.
6.a)3/§>x/5 ;b)x/§+3/%>€/@;
c)%ﬁ+«/§<\/ﬁ+@.

7.HD : T+ 5J2 = (1 +2)°.

8.2) ¥b 1b) 23ab ;) 1;d) Va.

10.2) HD : 4+ 23 = (3 £ 1)?

b)9i\/%=(3i2\/gJ )

5
11. a) (ﬁ)“ ,3/3 lif b) 3000 5 5400 .

- 3
) (%j T_221 ;) 75 4% 12. Pidu

kién B. 13. Diéu kién C. 14. Diéu kién O <a < 1.

15. ]i ;4:3.16.a;a.17.~ 21,59 triéu dong



Zaﬁ

19.2) @® ;b) a*; ¢) —————; d)
aﬁ—b\/5

‘xﬂ:_yﬂ?

20. a) Khia#1thi a=0;khia=1thi «
tuyy; b)-3<a<3.2l.a)x=1;b)x= 1

va x = 16.
10
2
22.a) |x|<i‘/§;b)x2”7;c) x> 2
x < -9,

d) x <3/5.23. Khing dinh d).
24, a) Sai ; b) bing ; c) Sai ; d) Sai.
25.a) log, x +log,y ;a>0,a#1,

x>0,y>0;Db) logai ca>0,a#1, x>0,
y

y>0;c) alog,x ;a>0,a#1,x>0;

d)b;a>0,a#1,b>0.
26.a)a>1;b)0<a<.

1 3

27.1;4;0;-2; —; ——.28.-3;1;3;-2.
3 2

29.18;32; %;32.30.a)x=625;b)x=—3;

c)x=25;d)x=5,5.31.1,65; 1,29 ; -0,13 ;

-0,42. 32. a) % ;b)—2;0) % ;d) 3.

33. ) log; 4 > 10g4% :b) 386t > 71086099

34 .a) log2 + log3 > log5 ;
b) logl2 —log5 < log7 ;
c) 3log2 + log3 < 2log5 ;
d) 1+ 2log3 > log27.

35.2)8;b) 11.

36.a) x =a'b’ ;b) x=a’.b.

37.2) 2a+2p-2;b) 2a+%-

38. a)0;b) logl8/2 ;

5 3
20log2 — =1 ;d) log—.
c) 20log 2og3, ) og16

1

39.09)x=3:b)x=7;¢) x=5".

40. M, c6 10 chit s6 ; M5, c6 39 chit so ;
M305060 €6 420921 chit s6.

41. 4 ndam 2 quy. 42. Sai tit In(2e) = Ine + Ine.
43.2a +3b ;4a - 2b ; 2b —2a ; —2a - 2b.

45. 900 con ; 3 gio 9 phut.

46. ~ 82 235 nam.

47.2a) a ~ 863 188 841,4 ; b) ~ 52,5 mmHg.
48.2) -3¢’ ; b) -3.49.2) y' = 2x — 1)e>";

2x[(x + e + 1] .

b) y' = )
et 41

"o 1 x -x\ . v l X X
c)y—i(e +e ),d)y—z(e e )
50. a) Dong bién ; b) Nghich bién.

52. Ta c6 bang sau

I do 16n
STT| Loai am thanh -
oai am than Is (I

1 | Ngudng nghe 1 0dB
2 | Nhac ém diu 4000 | 36dB
3 2z

I\\Ihac manh phat ra 6,8><108 38 4B

tir loa
4 T1<J:ng may Dbay 2,3><1012 124 dB

phan luc
5 | Ngudng dau tai 10" |130dB

53.2)3;b)0.
2(3x = 2)Inx

54. a)y =3In’x + 0%
X
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xlnx? N 22 +1 .

b)y': D
\/x2+1 X
X
v=1
)y nx+l x+1°
, 2 In(x* +1)
dy=——- ( 2
x° +1 X

55. a) Nghich bién ; b) Dong bién.
57. (C;)1adé thihams6 y = x> ;

1
(Cy)1adb thihamss y=x 2 ;

- 3
58.a)y' =2n2x+ )" ib)y'= — .
5x31n% 5x

22 1+
oy'= Y ;

I T

a b

X al a-b
dy'==| = .
=3 (5=
59. a)~ 091 ;b)~—2,61.
61.2)0<x<1;b)2<x <8.
62.2) x<0;b)x>2.
63.a)x=—%.Gaiy’:2—\/§=(2+\/§)_1,

b)xe {0;3};¢c)x=1;d)x=0.

64.2) xe {-1; 2}.b)x=2. 65.a) k=53;
a~1,096 ;b)d=25,11910gF —43,312.

c)

F |53|60 |80 |100 |120 |140 |160

d |0 |1,35/4,49(6,93(8,91(10,60|12

66.a) x=2;b)x=6.

67. a)x= ;b)x=09.

1
3

68.a) S={2;logz2-1};b)x=0.

222

69.2)S=1{10; Y10} ;b) S= { i};

16
0S={37:308

70.a) x = log, (log; 4) ;b)x=3";
3

©)§=1{2;-(1 +logg2)} ;) S = {5 QB}

TLa)x=1;byx=2.

72.2) S = {(2;18); (18;2)} ;
11
b)(x;y)=(2 2} 73.2) (x;9)=(=2:;7);

3.1
b) (x;y) = (5,5).74.21))(——1 ;b)x=0;
¢c)x=100 ;d) x=0.

75.a) S = {log328 ; log;82 — 4} ;

b)S= {3;3} Loy s={=2% 1)

le

. 76. a)x—log\/—
2

b)x =e 2;0)8 ={2:16};d)S=1{2"";2}.

77. a) x = g+kn ‘b)x=+ g+kn.Gm'y' :
< 1+cos2x
bat t=4 .78.a)x=—-1;b)x=2.

79.2) (x;y)=(=2;0);b) (x;y)=(2:5).

80.a)x<0,5;b)x>—%.
81. a)—<x<2 b) — <x<5

C)S=[1;2)U(3;4];d)%£x<l-

[N}

82.2)0,5<x<4;b)S=0;1);
83a)S=(—/5;-2)u;5) ;



1
2
d) g > p. 85. Hudng dan :

1+ %(2*‘ - 2*)2 = %(2*‘ + 2**‘)

b)S=[ ;1);84-a)P<q;b)P>‘1§C)P>q;

2

86.2)2'0= 1024 ; b) % S ¢)—n.

87. Hudng ddn :
Jlog;2.log; 4 < %(log3 2 + log, 4) .

90. Sp =

s ~2,081.91.a)a>1;
n

b)0<a<l;c)a>1;d)0<a<.

92. t = 3574 (nam). 93.a) x=10 ;b) x=-2;
ox=15;d)yxe {-1,5;-1}.

1
94. a) x € {R,2} ;b)x=1;¢c)x=13;
d)x=3.95.x=1.
96.a) (x;y)=(6;2);b) (x;y)=(512;1).
97. a) (O;%ju[ﬁ;+oo) :

b) (—o0; 0] U [logg5 5 1) 5 ¢) (45 +0).

98. (C) 99. (D). 100 (B). 101. (B).
102.(C) 103.(C) 104. (D)

105. (C). 106. (D) 107. (A)

108. (B) 109.(C) 110. (B).
CHUONG III

2 4 2
1. a) x3+xT+C ;b)%—%+7x+c;

c)_—l—x—3—f+c . d) gx%Jrc-
x 3 3 2 ’
2x 3 i
e)%uﬁc' 2. 2) §x2 + 200 4 C s

b) Wr— 24 :¢) 2x —sin2x + C ;

NE

in4
SIMTY L €.3(0). 4.Ping vi —/x lamot

X
d)§+

1
nguyén ham cita f(x). 5. a) ~6(1-2%)2 +C ;

5
b)%x/5x+4+C o) —%(1—x2)3+c;

2

1+x

6. a) —2xcos§ + 4sin% +C ;

d) - +C.

b) x2sinx + 2xcosx — 2sinx + C ;

x x . 1 4 X4
c) xet —e +C ,d)Zx In(2x) E+C

3
7. ) —%(7 —3x%)2 + C. HD : Déi bién

u=7-3x>;b) %sin(3x+4)+ C.

HD :Ddibién u =3x +4 ;¢ %tan(ﬁ%x +2)+C.
FERYS 1. 6 X

HD :Doibién u =3x+2 ;d) Esm 3 +C.
vy . X

HD : Doi bién u = sm§-

3 6 3
8.a) (f—g—lj +C .HD :DGibién u =121

sin’ (%j
b) -——== .
) 5 +C

FR (1

HD : Doibién u = sm(—) ;
X

) e’ (=32 +6x-6)+C :
d) %(\/3)( —9 eV ¥,
HD :DPéibién u =3x -9 .
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9.a)

%xz sin2x + %xcost — isian +C;

3 3

b)%lenx—§x2+C 9) sm x+C;

d) %sinxz +C.10.2)21:b)2,5;¢) 97“.
11.a) 10;b) —12;¢) -2 ; d) 16.
12.4.14. a) %T“— 1;b) 1280 m.

15. 43300 .16.b) 6—2§ ~ 63,78 (m).

’

17. a) %(2\/5—1).111) -DSibien u=x+1;

1 ooy
b) E'HD :Poibién u = tanx ;

1 _
c)%.HD:D()lblénu=1+t4

d)%.HD:Déibié’nu:4+x2 :

e)4. HD :D8ibién u =1+ x° ;
1 e
f) E.HD :Doibién u =1 - cos3x.

T
18. )—1 2—— ‘be: )—”2e ;

T
a X1,
)3
3
19.a)1=j\/ﬁduzzﬁ;b)%
0

HD : a) Ddibién u = £ + 21.

05 1 > 4
20.a)I:IZu4du:94 -1ib)3
1

HD : a) Ddi bién u = 5 — 4cost.
21. (B) 22.2) HD : Déibién u =1- x.

224

23.a)-3;b) 3.
68 e
24. a) .HD :Déibién u = x> ;
In3
_ 2 (111 3)
by I = j du = =

0
HD :Ddibién u =1Inx ;
41
1 = 7
= | =y2 = —
c) I Jzu du 3
1
HD :D&ibién u =1+ x> ;

|

9

1
d) I=J§e”du:
0

HD : Ddibién u =3x>.¢) In2.
In2 2
T 1 (In2)
2. —_ - I = =" .
S.0) g7 b Z[udu :

2
HD : Déibién u = In2 - x) ; ) "T_z :

2 1
d) IszZduzg(zﬁ—n. HD : Déi bién
1

3 26 +1 T 3
= 1:e) ———.26. —+—+1.
u=x + e) 9 6+ > +
T 1 64 11
27.3) = ;b) — ;c) —.28.2) — ; :
a)z,b) 12,0) 15 8. a) 3 ;D)9

c) 44.29. ?.30. 23.31. == .32. 3.

33-2ﬂ-34-a)§;b)?;C)E.35.a)4%,
b)17 )—36837327“38 w

39. n(e - 2).

40. 2. 41.2) x° NS :
X

3 3

b) 4x° —%xi +C ;o) —%cos(xi +1)+C.



3

HD :Déibién u = x> +1; d) 1

—+C
2cos(2x+1) -
HD : Déibién u = cosQx +1) .

42. a) —sin(l - lj +C.
X

ey 1

HD :Doibién u =—-1;
X

x* +p?

T +C. HD : D8ibién u = x* +1 ;

b)

x er er

6 12

0) +C;d)e"(x* —=2x+2)+C.
(Inx)?

+C.
2

43.2) e *(x+ 1D+ C ;b)

HD :Déibién u =Inx.

2 4
44, f(x):%—i 45.b=1.46.2)2 ;
)9:c)—2: d) 6. 48. % .49.24 m/s.

2 3

21 S -1 9
50.3)?—§,b)9,C) .51.3)5,

56 9
b) T5-52.0)9:b) 7.53. 4m.

54. 3n . 55. n. 56. 3n. 57. a) 8w ; b)32—7T

58. e’ 59. a) % ; b) 4771 60. (B) 61. (B

62.(D) 63.(A) 64.(B).65.(A) 66.(A)
67. (O).

CHUONG 1V

| i(£+ij.

2 2

2
13

3
13
1 3

—+—i;
2727

22t 17 17"

1 3 1@1.,
2,

5. — E—Tl;—i— 1,0

9. a) Puong tron tam I (biéu dién s6 i) ban
kinh 1 ; b) Truc thuc ; c) Pudng trung truc doan
thang n6i O vé6i diém A biéu dién s6 3 + 4i.

11. Thuc ; Ao ; Ao. 12. a) Truc 4o trir diém

goc ; b) Hop hai dudong phan gidc cua goc gitta
truc thuc, truc 4o ; ¢) Hop truc thuc va truc ao ;

d) Truc 40 bd diém I (biéu dién s6 i ).

1 3 8 4
13.a) 1 +2i;b) ——+—i ;¢) = ——1i
3.a)1+2i;b) 10+101,c)5 51,
d)—i,-3i,2 +3i;e) 2.
2 2

x“+y -1 2x
4.0 S0 — :

X+ @-D° x+O-D

b) Truc 40 bd doan thang néi 7, J (I biéu dién i, J

biéu dién —i) ;

16. QA 0B _ABT_
OA OB  AB ’
J2

17. +—( 1+i) 3 +2(1+10) ;42

+(2 +/3i). 19. a)

+

1_\/5 ;b)) —1+2i;
2

c)2i;—1+1i.

20.b)3+i,1—-2i.21.a) i%(l—i), i;

b) B =+(3 +i).

l_fl \/7

23.a ; b) —(1+,) ) (1 ++/2)i.
24.2) -1, 1i2ﬁi ;)£ &
O x(1—i),x(1+i);d) -1, % —liT«@i_

25.a)b=-2,c=2;b)a=-4,b=6,c=-4.

26.b) i(cosg - isin%)

- J_r%(\/2+ﬁ —iJ2-2).
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27.a) |kz| = |klr, acgumen clia kz 1a g néu k>0 néu sin% <o

vala ¢ + mnéu k < 0 (sai khac 2ix, [ € Z).

23 63
28.d) sing + icosg 37'3)_46"3_9’13)%"3‘% ;
T (= ¢)y=0hoacx=1.
= cos| 3¢ |+isin| Z -] e 44as
39.0)3i;~i;b) —— >, T
. o 2 17
29. —2° = -512. 30.a) 1 ++/3i ;b) — + k2m.
3 ) 1£2i,-1+i.
32. cos4¢ = cos’ ¢ —6cos” psin® g +sin’ g ; 40.5) Jo+2 Jo+2
) 4 4

sindg = 4(cos’ @sing — cos¢75in3 ).

41.2) 83 +i) = 16(cosg+ ising).

6. 1 .x
B2 o 2

34. n 12 boi nguyén duong cta 3, khong c6 m. b) 4(0055 + zsmﬁj 43.(C) 44.(A)

35.) 3[COS§T" . isin%) ; 45.(A) 46.(B) 47.(B) 48. (A) 49.(B)
50. (C) 51. (A) 52.(B) 53. (B) 54. (B).

\/g(cos%[+ isin%[j

ON TAP CUOI NAM
\/— 11n
v COS_ Fisin=g= ). 2.0) f3.5)f(3,6) < 0= 3,5<a <36.
4. 5 may.
b) l(cos£+ isinﬁ) ; ﬁ(cos£+ isinﬁj ’
3 2 2 3 4 4 5. rr%gx”f(x)=% ; rr[lénl]f(x):_
XelU; xel0;
va ﬁ(COSS—n+ zsms—nj
3 4 4 6.a)l; b)A>B7b) 320[
1 T T
36. a) [cos(——j + isin(——ﬂ ; )
T 5 5 (- 2tan x o C oy = COtx‘
s; 8.a)y'=c¢ [_COSX s1nxj Y= 15
b) 13n (cos%Jr isin%t). 10.a) x = i%+kn vax= i%+kn :
CcoS—
8 | R
b)§= {16 } ;c)x=10 7;
in? | cos[ 2T isin[ 2T
C) 2s1n2 [cos(z 2)+zsm(2 2)} 1
d)S= {( j} 11.a)2<x<3;
o P 6
néu smz >0 ;

_| ,1—\/5 0 l+\/ﬁ'
(—Zsin%)[cos(%+g)+isin(%+gﬂ b)S—[Z, 5 } { 5 ,SJ.
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1+ xH*
g L)

—3cosx — cos3x
12. a) 16 _

+C;
6

+C;b)
C) ln|cosx| + x tanx + C.

13. f(x) = 4x — 2sin (2)( + g) +9.
14. a) % . HD : Déi bién x = tant ;
b) " . HD : Déi bién r= 2>+ 1

33 B

8 .. 243 (e — 1)
15.a)§,b) 2 .16. a) 5

;c)e—2.

T
.b .
s ) 2

3—-1i

17.2i;3—-i;1+4i ;-1+3i; >

18.2) 4i3 :b)4 :¢) 16i: d) #

20. Hinh tron tam A ban kinh 4 (A biéu dién s6
3+ \/5 ).

21 +(1 +30) s £2 +1) ; H(V2 ).

22.a) 1+1i, 2—1i ;b) cosg, ising.

23.-64 ; 7R
24.(A) 25. (C) 26.(B) 27.(B) 28. (C) 29. (D)
30. (C) 31.(C) 32.(B) 33.(A) 34. (D) 35. (A)
36. (A) 37. (C) 38.(B).
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Cau hoi va bai tap on tap cuoi nam

Hudng dan giai, dap so cac bai tap

Bang tra ctu thuat ngit

136
142
146
158
162

168
175

181
192
200
208
211
218
228

231



Chiu trdch nhiém xudt ban :  Chu tich Hoi d6ng Thanh vién NGUYEN PUC THAI
Téng Gidm d6c HOANG LE BACH
Chiu trdch nhiém ndi dung :  Téng bien tap PHAN XUAN THANH

Bién tap lan ddu : TRAN HUU NAM — NGUYEN NGOC TU
Bién tdp tdi ban : PANG THI MINH THU
Bién tip ki —mi thudt - PINH XUAN DUNG
Trinh bay bia : BUI QUANG TUAN
Sita bdn in : PANG THI MINH THU
Ché'bdn : CONG TY CP DICH VU XUAT BAN GIAO DUC HA NOI

GIAI TICH 12 - NANG CAO
M3 so : NH201T0

[ O cudn (QD............ ), kG 17 x 24 cm.
Bonviin........... dia chi.......
CosOin....... dia chi.......

Ma s6 ISBN : 978-604-0-19039-0



	bia
	chg 1a
	chg 1b
	chg 2a
	chg 2b
	chg 3a
	chg 3b
	chg 4
	hd
	Muc luc

